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CHAPTER 1

THE HELIOSPHERE

1.1

Overview
The heliosphere is that vast region around the Sun containing the solar wind

plasma outﬂow from the outer solar atmosphere (the corona) and interplanetary magnetic ﬁeld (IMF). The heliospheric “bubble” illustrated in Figure 1.1, is not spherical
because of the motion of the Sun and heliosphere relative to the local interstellar
medium plasma at a speed of ∼ 25 km s−1 . Thus, in the solar reference frame there
exists a local interstellar plasma ﬂow going around the distorted heliospheric bubble.
The radial solar wind outﬂow from the corona reaches supersonic speeds. In
the inner heliosphere the solar wind ram pressure is high so that the solar wind encounters little resistance from the local interstellar plasma. In the outer heliosphere
the ram pressure decreases to where it becomes comparable to the local interstellar
plasma pressure, indicating the region where the solar wind expansion stops. Consequently, the supersonic solar wind undergoes a shock transition to subsonic solar
wind called the solar wind termination shock (SWTS) which is a standing reverse
shock. Voyager 1 crossed the SWTS at ∼ 94 AU in 2004 whereas Voyager 2 crossed
it at ∼84 AU in 2007 (see Voyager trajectories in Figure 1.1).
1

Beyond the SWTS lies the heliosheath region of the heliosphere. Here the subsonic solar wind, ﬂowing outward more or less radially just downstream of the SWTS,
will encounter the local interstellar plasma ﬂow head-on on one side of the heliosphere
further downstream. In response, the solar wind deeper into the heliosheath will be
turned around in the direction of the heliotail.
The heliosheath terminates at the heliopause, which is the boundary separating
the heliosphere and the local interstellar medium and across which there is pressure
balance. If the local interstellar ﬂow is supersonic, a large bow shock is expected
to exist around the heliosphere across which the supersonic interstellar ﬂow becomes
subsonic in response to the heliospheric obstacle. However, the existence of a bow
shock, which has been estimated to be located ∼ 230 AU from the Sun (approximately
twice the distance to the SWTS encountered by the Voyager space craft), has been
disputed by some (e.g., McComas et al., 2012).
The heliosphere acts partially as a shield against incoming galactic cosmic
rays, which forms a hazard for potential long-distance space travel destinations such
as Mars. However, interstellar neutrals can easily penetrate the heliosphere where
they undergo charge exchange with the solar wind, or experience ionization from solar
UV radiation, to form interstellar pickup ions (PUIs). These particles are thought to
be accelerated to high energies at the SWTS, e.g., when they are called anomalous
cosmic rays (ACRs).
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Figure 1.1: A diagram of the heliosperic structure from NASA showing the heliosphere traveling thorough the local interstellar medium.

1.2

Solar cycle
The solar activity cycle is the nearly periodic 11-year variation in the Sun’s

activity. During this ∼ 11-year period solar activity varies from solar minimum to
solar maximum and back to solar minimum. Solar maximum is deﬁned as the period
of greatest solar activity in the 11 year solar cycle, during which the large numbers of
sunspots appear on the Sun whereas solar minimum is the period of least solar activity
when the number of sunspots is at a minimum. During each solar cycle the latitude
band of sunspots drifts toward the solar equator as the solar cycle evolves from solar
minimum to solar maximum. This is illustrated in Figure 1.2 showing the latitudinal
variation of sunspots over time. This diagram known as the Maunder diagram or
the Butterﬂy Diagram. Associated with sunspots is the reversal of sunspot magnetic
polarity every ∼ 11 years deﬁning a ∼ 22-year cycle in the solar magnetic ﬁeld.
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Figure 1.2: The solar Butterﬂy Diagram, which shows the solar latitude of new
sunspot groups over time in a number of solar cycles.

1.3

Solar wind
The solar wind is a stream of charged particles released from the upper atmo-

sphere of the Sun (the corona). This happens because the temperature of the corona
is so high (∼ a few million degrees) that the Sun’s gravity is unable to contain the
corona (Parker, 1958). The solar wind plasma ﬂows radially outward in all directions
reaching supersonic speeds of ∼ 400 km s−1 (∼ 1 million miles per hour). The details
of this acceleration, known as coronal heating, are still not well understood. The solar wind are mostly composed of electrons, protons and alpha particles with energies
between 1.5 and 10 keV. Due to the high conductivity of solar wind plasma, the interplanetary magnetic ﬁeld (IMF) is carried with the solar wind ﬂow throughout the
heliosphere (solar wind bubble carried out in the local interstellar medium). When
the solar wind ﬂows radially outward, it expands resulting in a decrease in density
and temperature.
The solar wind is often classiﬁed into two distinct components, known as the
slow and fast solar wind. The slow solar wind represents a hotter (T ∼ 1.5×106 K) and
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denser plasma ﬂow with a slower ﬂow speed of about 400 km/s, whereas the fast solar
wind represents a plasma ﬂow with a temperature about 8 × 105 K and a speed up to
about 800 km/s (Meyer-Vernet, 2007). The fast solar wind originates in coronal holes
with relatively low density, temperature and magnetic ﬁeld strength where we ﬁnd
open ﬁeld lines. During solar minimum activity conditions, coronal holes appear at
high latitudes down to low latitudes where fast solar wind streams interact with slow
solar wind to form corotating interaction regions. Slow solar wind, on the other hand,
originates in at the coronal streamer belt around the equator where we ﬁnd closed
ﬁeld lines. Especially during periods of solar maximum, the corona releases huge
plasma blobs called coronal mass ejections (CMEs). The strongest CMEs, reaching
propagation speeds of over 2,000 km s−1 , drives interplanetary bow shock waves
that can accelerate solar energetic particles to relativistic speeds, sometimes posing
a radiation hazard to astronauts, and to electronics of satellites and spacecraft.

1.4

Solar wind termination shock
The solar wind termination shock (SWTS) is the boundary across which the

supermagnetosonic solar wind outﬂow becomes submagnetosonic and at the same
time the solar wind density, pressure, and magnetic ﬁeld strength increase in the
outer heliosphere. There are two direct measurements of the distance to the SWTS.
Voyager 1 crossed the SWTS at ∼ 94 astronomical units (AU) in 2004 (Burlaga et al.,
2005; Decker et al., 2005; Stone et al., 2005), while Voyager 2 crossed it at ∼ 84 AU
in 2007 (Burlaga et al., 2008b; Richardson et al., 2008; Stone et al., 2008). By most
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accounts Voyager 1 is currently in the local interstellar medium (Gurnett et al., 2013)
while Voyager 2 is lagging behind in the heliosheath.
The SWTS is a quasi-perpendicular collisionless shock. Collisionless shocks
are characterized by the infrequency of Coulomb collisions between charged particles
in space plasmas, so that the kinetic energy of plasma ﬂow is dissipated at shocks
through other mechanisms such as the interaction between particles and plasma waves
on a spatial scale much shorter than the mean free path for Coulomb collisions. One
can use the angle θBN between the upstream magnetic ﬁeld vector and shock normal
vector to classify collisionless shocks into quasi-perpendicular shocks (θBN > 45◦ ) and
quasi-parallel shock (θBN < 45◦ ).
Quasi-parallel shocks tend to be very turbulent both sides of the shock with an
extended turbulent foreshock related to the fact that lower energy particles can easily
propagate far upstream of the shock along the magnetic ﬁeld while exciting plasma
waves. Quasi-perpendicular shocks are much less turbulent upstream but above a
critical fast mode magnetosonic Mach number these shocks are turbulent downstream
and have a characteristic shock foot, ramp, and so called overshoot structures (Leroy
et al., 1982). The foot region is associated with gyrating ions that are reﬂected at the
shock. Reﬂected gyrating ions that overcome the shock ramp cross-shock electric ﬁeld
have a current that drive enhanced magnetic ﬁeld that form the overshoot region. Ion
heating associated with shock reﬂection results in shock dissipation at critical shocks.
Observations (see Figure 1.3) show that nearly perpendicular SWTS have the classical
supercritical shock structure of a foot, ramp, and over shoot region (Burlaga et al.,
2008b). However, dissipation of the SWTS is associated with reﬂected interstellar
6

Figure 1.3: The structure of the SWTS (TS-3 is supercritical quasi-perpendicular
shock), which includes foot, ramp, overshoot, undershoot regions. Graph is taken
from Burlaga et al. (2008b)

pickup ions rather than solar wind thermal particles (Richardson et al., 2008; Zank
et al., 1996b).
3D MHD simulations have been used to investigate how solar wind disturbances, such as interplanetary shock waves, and the associated variations in the solar
wind ram pressure can aﬀect the location of the SWTS in the vicinity of the Voyager
spacecraft (see e.g., Washimi et al., 2007). The results suggest that the SWTS location can vary as much as ∼ 10 AU on long time scales comparable with the duration
of a solar cycle, but can also oscillate back and forth by as much as ∼ 5 AU on shorter
times scales.
The Voyager 2 spacecraft crossed the SWTS 5 times. During the 5 crossings
diﬀerent SWTS compression ratio were observed, suggesting that a ﬁxed compression
ratio for the SWTS does not exist (Burlaga et al., 2008b; Richardson et al., 2008).
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The SWTS has possibly a structure that varies with space and time, diﬀerent from
the single compression ratio typically assumed in diﬀusive shock acceleration (DSA)
theory. In Chapter 5 we investigate the eﬀect of a ﬂuctuating SWTS compression
ratio on the acceleration of interstellar pickup ions at the SWTS.

1.5

Interplanetary magnetic ﬁeld
The interplanetary magnetic ﬁeld (IMF) is the product of the solar magnetic

ﬁeld being carried outward from the Sun by the solar wind. The solar wind is a high
conductivity collisionless plasma so that the interplanetary magnetic is “frozen” into
solar wind outﬂow. Due to the rotation of the Sun itself, the interplanetary magnetic
ﬁeld forms as Archimedean spiral pattern (Parker, 1958). In heliocentric spherical
coordinates, the spiral magnetic ﬁeld can be expressed as

B = Be

�

re
r

�2

with magnitude
B = Be

cos ψe [er − tan ψeψ ],

�

re
r

�2

cos ψe
,
cos ψ

(1.1)

(1.2)

where
tan ψ =

Ωs r sin θ
.
U

(1.3)

In (1.1)-(1.3) ψ is the mean magnetic ﬁeld spiral angle (angle between the heliocentric
radial direction and the magnetic ﬁeld direction), re is distance from the Sun to the
Earth, ψe is the mean magnetic ﬁeld spiral angle at the Earth, Be is the average
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magnitude of the ﬁeld at Earth, which has a value Be ≈ 5 − 10 nT, r is heliocentric
radial distance, Ωs is the angle rotation frequency of the Sun, which has a value of
Ωs � 2π/27.26 days−1 , and U is the speed of radial solar wind outﬂow.
The Parker spiral angle ψ ∼ 45◦ at Earth (1 AU) as illustrated in Figure 1.4,
and ψ ∼ 89◦ at ∼ 90 AU from the Sun (the approximate location of the SWTS
at Voyager). The magnitude of the IMF before crossing the SWTS is ∼ 0.041 nT
(Burlaga et al., 2007), and ∼ 0.088 nT (Burlaga and Ness, 2009) after crossing the
SWTS according to the Voyager 2 observation in the vicinity of the SWTS in 2007.
The interplanetary magnetic ﬁeld magnitude ﬂuctuates intermittently due to the
turbulent nature of the solar wind. The magnitude of the interplanetary magnetic ﬁeld
is statistically a log-normal distribution both upstream and downstream according to
the Voyager 2 observation in the vicinity of the SWTS (Burlaga and Ness, 2009;
Burlaga et al., 2007). The mean value of the IMF magnitude upstream is 0.041 nT
with a standard deviation of 0.015 nT (Burlaga et al., 2007), and downstream the
mean IMF strength is 0.088 nT with a standard deviation of 0.026 nT (Burlaga and
Ness, 2009).
The direction of the IMF is also turbulent. According to our analysis of Voyager 2 observations in the vicinity of the SWTS, we conclude that the Parker spiral
angle obeys a truncated q-Gaussian distribution with mean value ∼ 89◦ , q = 2.6 and
a standard deviation of σ = 30◦ indicating a non-Gaussian distribution with frequent
large deviations in the spiral angle from the mean spiral angle (q = 1 implies a Gaussian distribution). For more details, see Chapter 3 and 4. In Chapter 5 we discuss
simulation results showing how such an intermittent meandering magnetic ﬁeld near
9

Figure 1.4: A cartoon of the Parker spiral magnetic ﬁeld. The solar wind ﬂow speed
is 400 km/s, and the Parker spiral angle is ∼ 45◦ at Earth (1 AU).

the SWTS can contribute to eﬃcient diﬀusive shock acceleration (DSA) of locally
created interstellar pickup ions.
When the solar magnetic ﬁeld in carried out with the solar wind ﬂow the ﬁrst
open ﬁeld lines originating from diﬀerent hemispheres come close together. These ﬁeld
lines are of opposite magnetic polarity so that the magnetic ﬁeld changes sign abruptly
across this narrow region which forms a thin sheet of high current density known as
the heliospheric current sheet (HCS). The HCS, which forms near the heliospheric
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Figure 1.5: An artistic conception of the heliospheric current sheet resembling the
shape of a spinning ballerina skirt from NASA.

equator becomes especially warped into a large-scale solar wind structure resembling
a spinning ballerina skirt when the solar magnetic axis is considerably tilted relative
to the solar rotation axis (a consequence of increased solar activity). At Earth HCS
crossings are observed at least twice or more times during a solar rotation if the
HCS is wavy enough. These crossings are known as interplanetary magnetic sector
boundaries due to the observed change in the sign of the IMF polarity.
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1.6
1.6.1

Interstellar Pickup Ions and Anomalous Cosmic Rays
Interstellar Pickup Ions
The heliosphere is moving at a speed of ∼ 25 km s−1 relative to the local

interstellar medium. Therefore, neutral atoms in the local interstellar medium can
basically enter the heliosphere undisturbed (neutral atoms are unaﬀected by electromagnetic forces). Interstellar neutral forms a relatively cold gas with a temperature
of < 104 K (McComas et al., 2015). Compared to the solar wind speed ahead of the
SWTS (U � 400 km s−1 ), both the ﬂow and thermal speeds of interstellar neutrals
are small. Thus, in the upstream solar wind frame the speed of interstellar neutrals is
approximately equal the solar wind speed (vn � U ). Some fraction of interstellar neutrals becomes ionized by charge-exchange with solar wind protons, photo-ionization
from solar ultraviolet radiation, and also electron impact. In the supersonic solar
wind ahead of the SWTS the newly-born ions are initially moving towards the Sun
at a speed v � U relative to the IMF in the solar wind frame because the IMF is
“frozen” into the solar wind ﬂow. With the aid of the magnetic Lorentz force the
newly-born ions gyrate around the IMF with a speed v � U and with a large pitch
angle (pitch angle � 90◦ in the outer heliosphere). Consequently, the newly-born
ions are advected radially outward with the solar wind towards the SWTS. Hence the
name interstellar pickup ions. Alternatively, one can say that the newly-born ions are
picked up by the IMF and the motional electric ﬁeld E = −U×B, resulting in electric
ﬁeld drift VE = E × B/B 2 = U⊥ , or advection with the solar wind approximately in
the direction perpendicular to the IMF.
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Initially, the interstellar pickup ion velocity distribution is a highly anisotropic
ring-beam distribution which drives self-generated MHD waves that are predominantly parallel-propagating Alfvén waves propagating at the Alfvén speed VA relative
to the solar wind. Because VA � U in the supersonic solar wind, the Alfvén waves to
a ﬁrst approximation are stationary in the solar wind frame (wave E-ﬁeld is small).
Consequently, in the solar wind frame the interstellar pickup ions experience little
energy change when interacting with the Alfvén waves which act as magnetic scattering centers. This rapidly isotropizes the pickup ring-beam velocity distribution to
form a thin spherical shell velocity distribution in the solar wind frame with a radius
v � U . In a classical paper, Vasyliunas and Siscoe (1976) modeled theoretically how
the pickup spherical shell distribution evolves on long time scales when advected radially outward with the supersonic solar wind while experiencing adiabatic cooling
in the radially expanding solar wind outﬂow from the corona. When the modeled
pickup ion velocity distribution is transformed from the solar wind to the spacecraft
frame, the theoretical prediction is that the distribution should rollover at v � 2U .
This prediction was conﬁrmed using Ulysses Spacecraft observations as Figure 1.6
shows (Gloeckler et al., 1993).

1.6.2

Anomalous Cosmic Rays
During the early 1970s spacecraft cosmic-ray detectors revealed the existence

of a mysterious lower-energy cosmic-ray component with spectral features diﬀerent
from galactic cosmic rays that penetrated the heliosphere. This new component is
characterized by enhanced intensities primarily in singly ionized hydrogen, helium,
13

Figure 1.6: Phase space density plotted against normalized ion speed of interstellar
pickup hydrogen (upper panel) and pickup helium (lower panel) measured in the
Ulysses spacecraft frame at a heliocentric distance of 4.82 AU (Gloeckler et al., 1993).

nitrogen, oxygen, neon, and carbon in the energy range of ∼ 10−100 MeV/nuc not attributable to galactic cosmic rays (Garcia-Munoz et al., 1973; Hovestadt et al., 1973).
These cosmic rays are known as anomalous cosmic rays (ACRs). There is agreement
that ACRs are interstellar pickup ions that experienced acceleration somewhere in
the outer heliosphere as originally suggested by Fisk et al. (1974), thus being of heliospheric origin. However, there is currently no consensus about the acceleration
process, and this is issue is currently strongly debated, especially since the Voyager
spacecraft crossed the SWTS. Several acceleration mechanisms have been proposed
in recent years as is discussed further below.
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Traditionally, it was thought that ACRs formed at the SWTS when upstream
interstellar pickup ions, having been convected to the SWTS by the solar wind, experienced diﬀusive shock acceleration (DSA) (e.g., Jokipii, 1990; Pesses et al., 1981).
Based on standard DSA theory, it was expected that ACRs at the SWTS should
exhibit a single power-law spectrum with an exponential rollover at higher energies,
and that the ACR intensity should peak at the SWTS followed by a plateau downstream. However, when the Voyager spacecraft crossed the SWTS, the observations
yielded a number of surprises. According to the observations, pickup ions accelerated
locally at the SWTS only reached energies of ∼ 3 MeV/nuc (e.g., Cummings et al.,
2006) to form a lower-energy ACR component known as termination shock particles
(TSPs). Higher energy ACRs � 10 MeV/nuc were observed as a distinct component
that increased gradually in intensity further downstream of the SWTS (Stone et al.,
2005, 2008). This suggested that the higher energy ACR component is formed elsewhere. For an example of the 2-component ACR spectrum, see Figure 1.7. This led
to several suggestions for the formation of the higher energy ACR component.
McComas and Schwadron (2006) argued that the TSP component continues to
be accelerated to higher energies � 3 MeV/nuc elsewhere at the SWTS increasingly
further away from where the Voyager spacecraft crossed the SWTS. The idea is that,
because the SWTS is not spherical but blunt shaped, the nearly circular IMF intersection points with the SWTS will travel from the Voyager location at the SWTS to
the ﬂanks of the SWTS as the IMF is convected through the SWTS. Thus, the TSP
component, while undergoing DSA, will be connected via the IMF to the ﬂanks of the
SWTS at later times where acceleration of TSPs to higher energies � 10 MeV/nuc oc15

Figure 1.7: Proton energy spectra of protons in the heliosheath near the times of
the Voyager 1 and Voyager 2 shock crossings. Three components are apparent: TSPs
convected from nearby shock regions (< 6 MeV), anomalous cosmic rays (ACRs) that
are moulated in the heliosheath (8 − 150 MeV), and Galactic cosmic rays (GCRs)
(> 200 MeV). Triangles spectra indicate during period immediately following Voyager
1 shock crossing; circles spectra indicate during period immediately following Voyager
2 crossing (Stone et al., 2008).

curs. The ACR component at the ﬂanks then propagates deeper into the heliosheath
mostly along but also across the IMF to reach Voyager longitudes. From there they
are modulated mostly at lower energies when propagating back inward to the SWTS
at the Voyager locations to form a distinct higher energy ACR component. Others
investigated the continuing acceleration of TSPs in the heliosheath. This involved
stochastic acceleration of TSPs by compressive solar wind velocity ﬂuctuations (e.g.,
Fisk and Gloeckler, 2009; Zhang, 2006), and by Alfvén waves (e.g., Moraal et al., 2006;
Zhang, 2006). More recently, formation of ACRs in the heliosheath was simulated
16

in terms of multiple contracting and merging (reconnecting) small-scale magnetic
islands produced by turbulent reconnection in the heliospheric current sheet (e.g.,
Drake et al., 2010; Lazarian and Opher, 2009). The argument was that conditions for
magnetic reconnection in the helipheric current sheet is especially favorable because
of the reduction in the thickness of the current sheet by solar wind slowdown in the
heliosheath.
The focus of this thesis is on the formation of the TSP component from DSA
of locally born pickup ions in the energy range of ∼ 1 keV-3 MeV. Observationally,
the TSP component energy range is partially covered by the Low Energy Charged
Particle (LECP) detectors on both the Voyager spacecraft. However, in our simulations we will mainly consider LECP observations by Voyager 2 because of the lack of
plasma observations by Voyager 1. The LECP instrument on Voyager 2 measures ion
intensities in the energy range of ∼ 0.028 − 30 MeV (Decker and Krimigis, 2003) so
that accelerated pickup ion intensities between ∼ 1 − 28 keV do not exist.
Voyager observations of the TSP component revealed a number of interesting
phenomena. For example, observed TSP spectra have small-scale features such as
multiple power-law spectra separated by breaking points which ﬂuctuates extensively
upstream and at the SWTS. Further into the heliosheath these features become stable
(e.g., Cummings et al., 2006). Consequently, when ﬁtting the TSP spectra with a
single, average, power-law spectrum, the slope ﬂuctuates strongly upstream and at
the SWTS, but much less deeper into the heliosheath (see Figure 1.8). Decker et al.
(2008b) shows that the average TSP spectrum observed with Voyager 2 downstream of
the SWTS can be well ﬁtted with a single power-law spectrum with a power law index
17

Figure 1.8: Diﬀerential intensity spectral index γ(E) of energetic ions evaluated
with time across the SWTS using Voyager 2 observations. The vertical dashed curve
indicates the time of Voyager 2 crossing the SWTS (Decker et al., 2008b).

k � −1.25 (diﬀerential intensity jT ∝ E −k where E is particle energy). According to
standard DSA theory this implies a SWTS density compression of ∼ 3. However, the
Voyager 2 observations of the SWTS density compression is ∼ 2 (Richardson et al.,
2008), suggesting either that TSPs saw a larger eﬀective compression ratio which is
a combination of the SWTS precursor and SWTS ramp (Arthur and le Roux, 2013),
or perhaps that TSP acceleration downstream by contracting and merging magnetic
islands hardens the DSA spectrum of TSPs (Zank et al., 2015). Furthermore, the Voyager spacecraft detected large, highly time-dependent values for the TSP pitch-angle
anisotropies ahead of the SWTS directed along the mean IMF direction (Decker et al.,
2005, 2008b). Behind the SWTS, Voyager 2 observations show near zero anisotropies
with little ﬂuctuation (nearly isotropic TSP distributions) (see ﬁgure 1.9).
It is also interesting to note that the mean TSP pitch-angle anisotropy upstream of the SWTS peaks at a relatively high particle energy of ∼ 0.35 MeV/nuc as
Figure 1.10 shows (Decker et al., 2006). This is consistent with the SWTS being quasi-
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Figure 1.9: First-order anisotropy vector ξ1 = A1 /A0 of daily-averaged intensities
derived from a least-squares Fourier ﬁt in the RT plane (unit vector R points radially
outward from Sun, unit vector T points in the direction of normal planetary motion).
Red dashed line indicates the time and location of the SWTS when Voyager 2 crossed
the SWTS. Blue dashed line indicates the time and location of an interplanetary
shock in the Voyager 2 observations (Decker et al., 2008b).

Figure 1.10: T-component ξ1T of ﬁrst order anisotropy vector ξ1 averaged over
period 2004.12-2004.79 as a function of ion energy (Decker et al., 2006).
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Figure 1.11: Angular count rate data, during the period 2004/344 to 2004/359 for
0.57 to 1.78 MeV protons observed by Voyager 1 near the SWTS (Decker et al., 2005).

perpendicular because TSP particles propagating along the nearly-perpendicular IMF
need a minimum energy of ∼ 1 MeV to stay ahead of the SWTS and experience DSA
and it is at this minimum energy that the pitch-angle anisotropy is expected to peak.
Finally, it should be mentioned that a large, highly anisotropic intensity spike at TSP
energies were observed close to the SWTS during the Voyager 1 crossing of the SWTS
as Figure 1.11 shows. The spike was possibly caused by strong particle reﬂection by
the magnetic ﬁeld jump across the SWTS or by the cross-shock electric ﬁeld.
From these TSP observations we conclude: (i) DSA is highly statistical process and to model this volatility requires taking into account the turbulent nature of
the IMF in the vicinity of the SWTS, and of the SWTS structure itself, for exam-
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ple. (ii) Modeling DSA with the traditional Parker transport equation is unsuitable,
especially at lower particle energies where particles are barely able to stay ahead of
the shock, and also when particles are reﬂected upstream by the IMF gradient across
the SWTS. Then pitch-angle anisotropies can be large and the near-isotropic distribution requirement for energetic particles in Parker transport theory is not met. A
focused transport approach is more suitable in this case. To address these issues,
we model the formation of TSPs from locally-born interstellar pickup ions by DSA
using a focused transport model which naturally takes care of particle injection into
DSA at lower energies where pitch-angle anisotropies are large and Parker transport
theory does not apply. We also take into account the turbulent nature of the IMF
and the SWTS structure by simulating the statistics of the interplanetary magnetic
ﬁeld direction and strength, and the SWTS compression ratio guided by Voyager 2
observations. This informaton feeds into the focused transport model, allowing us to
investigate how the turbulent IMF and SWTS structure play a role in the formation
of the TSP component.

1.7

Motivation and Summary of the Following Chapters
In this dissertation, acceleration and transport of locally born interstellar

pickup ions (formation of TSPs) in the turbulent, non-Gaussian magnetic ﬁeld and
SWTS structure will be investigated, taking into account ﬂuctuations in the magnetic
ﬁeld spiral angle, the magnetic ﬁeld magnitude, and the SWTS compression ratio as
will be shown below. Variations of magnetic ﬁeld angle are essential for pickup ion
injection and eﬃcient DSA. Statistical variations of the TSP pitch-angle diﬀusion
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coeﬃcient generated with ﬁeld strength ﬂuctuations and of the SWTS compression
ratio signiﬁcantly aﬀect eﬃciency of the DSA of TSPs.
In Chapter 2, we introduce the focused transport equation and discuss how it
can be used to model particle preacceleration for injection into DSA, and DSA itself.
In Chapter 3, the q-Gaussian distribution is introduced and the simulation
method for generating a q-Gausssian distribution, the Box-Müller method, is discussed.
In Chapter 4, interstellar pickup ion DSA in a turbulent magnetic ﬁeld at the
SWTS is investigated. The eﬀects of both ﬂuctuations in the magnetic ﬁeld spiral
angle and in the magnetic ﬁeld strength on DSA are discussed.
In Chapter 5, interstellar pickup ion DSA is investigated for a SWTS exhibiting
a ﬂuctuating compression ratio.
In Chapter 6, a more general focused transport equation including gyrophase
angle information, avoid limitations in standard focused transport theory is discussed.
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CHAPTER 2

THE FOCUSED TRANSPORT EQUATION AND THE
ACCELERATION OF ENERGETIC PARTICLES

2.1

Overview
In this chapter, focused transport theory is presented, and its relation to the

Parker transport equation is discussed. Diﬀusive shock acceleration (DSA), which is
usually considered to be the main mechanism for energetic particle acceleration at
the SWTS, is discussed. Pre-acceleration mechanisms for particle injection into DSA,
such shock drift and shock surﬁng acceleration are also addressed.

2.2

Focused Transport Equation
The focused transport equation can be derived from the Boltzmann equation,

which is given by

∂f
∂f
∂f
+v·
+ q(E + v × B) ·
=
∂t
∂x
∂p

�

δf
δt

�

,

(2.1)

sc

where f (x, p, t) is the energetic particle distribution function which depends on particle momentum p, position x, and time t; q is the net particle charge, E and B are

23

the external electric and magnetic ﬁelds present in the plasma, respectively, and the
term on the right side represents particle scattering in momentum space due to particle interaction with electromagnetic wave turbulence. After transforming the particle
momentum to the plasma ﬂow frame moving at a velocity U relative to the observer
frame (x, p, t) → (x, p� ,t), where p = p� + mU, retaining terms up to ﬁrst order for
the ratio to U/c, transforming the particle momentum from magnetic ﬁeld coordinates to spherical coordinates given by (x, p� , t) → (x, p’, µ� (x, p� , t), φ� (x, p� , t)), and
averaging over the gyrophase φ� for a gyrotropic phase angle particle distribution,
one ﬁnds the focused transport equation (e.g., Isenberg, 1997; le Roux et al., 2002;
Skilling, 1975)

∂f
∂f
+ (Ui + vµbi )
∂t
∂xi
�
�
∂Ui
1
∂bi
∂Ui
bi dUi ∂f
2
+ (1 − µ ) v
+µ
− 3µbi bj
−2
2
∂xi
∂xi
∂xj
v dt ∂µ
�
�
1
bi dUi ∂f
1
∂Ui
2 ∂Ui
2
p
+ (1 − 3µ )bi bj
−µ
+ − (1 − µ )
2
∂xi
2
∂xj
v dt
∂p
�
�
∂
∂f
Dµµ
+ QP U I ,
=
∂µ
∂µ

(2.2)

where f (xi , p, µ, t) is the energetic, nearly gyrotropic, gyrophase-averaged charged
particle distribution which is a function of position xi , particle momentum p (particle
speed v), cosine of the particle pitch angle µ, and time t. For more details, see also
Chapter 6. In the above equation, the space and time coordinates are measured in the
stationary shock frame, while p and µ are measured in the solar wind frame moving
at the solar wind velocity Ui relative to the shock frame (prime indicating parameters
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measured in the ﬂow frame is omitted for simplicity). In (2.2), bi is the unit vector
pointing along the large-scale magnetic ﬁeld, Dµµ is the diﬀusion coeﬃcient in µ-space
indicating the eﬀect of particle pitch-angle scattering by MHD wave turbulence on
particle transport along bi , and QP U I is the source term for interstellar pickup ions.
The focused transport equation above is valid for non-relativistic plasma ﬂow and
particle speeds. Because the solar wind speed ahead of the SWTS is around 400
km/s, and we consider low-energy particles with energies less than several MeV, the
non-relativistic assumptions are suﬃciently justiﬁed.
The focused transport equation (2.2) models the eﬀects of spatial convection
�
�
∂f
, convection in µ-space
(Ui + vµbi ) ∂x
i
�
�
∂bi
∂Ui
bi dUi ∂f
∂Ui
1
2
(1
−
µ
)[v
+
µ
−
3µb
b
−
2
]
resulting in particle reﬂection or
i j ∂xj
2
∂xi
∂xi
v dt ∂µ
�
�
∂f
∂Ui
bi dUi
1
2
i
,
focusing, convection in p-space [− 12 (1 − µ2 ) ∂U
+
(1
−
3µ
)b
b
−
µ
]p
i j ∂xj
∂xi
2
v dt
∂p
�
�
∂f
∂
and diﬀusion in pitch-angle space ∂µ
(Dµµ ∂µ
) on the energetic particle

distribution. Non-uniform plasma ﬂow eﬀects on energetic particles, such as
� �
i
, acceleration or deceleration
compression or expansion of the solar wind ﬂow ∂U
∂xi
� �
� �
∂Ui
i
(see discussion
of the solar wind ﬂow dU
,
and
shear
in
the
solar
wind
ﬂow
dt
∂xj
� �
∂bi
in le Roux and Webb 2012) are included in (2.2). The term ∂x
enables us to
i
model how the convergence of magnetic ﬁeld lines cause magnetic mirroring and

their divergence contribute to magnetic focusing of energetic particles. Note that
the focused transport equation can be derived from the standard guiding center
kinetic equation (e.g., le Roux and Webb, 2009) (see Appendix A for details). The
equivalence of equations (2.2) and (A1) implies that drift eﬀects are included in
focused transport. This includes grad-B and curvature drift in the motional electric
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ﬁeld E = −U × B so that energetic particle shock drift acceleration at the SWTS
can be simulated in the absence of particle scattering (Dµµ = 0). By including
scattering, particles experience numerous random shock drift acceleration events at
the SWTS. Thus, DSA can be modeled with focused transport theory at the nearly
perpendicular SWTS. However, in the spatial convection term, grad-B and
curvature drift is neglected. Given that grad-B and curvature drift occur mainly
along the SWTS surface, this neglect is reasonable assuming that energetic particle
gradients along the shock surface are minor compared to across the surface.
The magnetic moment M of particles in the focused transport equation is
conserved in the absence of scattering by electromagnetic ﬂuctuations across a
shock. This is a good assumption for particles crossing the nearly perpendicular
SWTS because it has been shown that the magnetic moment of the particle in the
frame in which the electric ﬁeld vanishes is conserved across a perpendicular shock
using an analytical approach, as well as across a nearly perpendicular shock using
particle simulations (Terasawa, 1979; Toptygin, 1985). The magnetic mirroring term
1
(1
2

∂bi ∂f
− µ2 )(v ∂x
) can be used to model particle reﬂection by the magnetic ﬁeld
i ∂µ

gradient across the SWTS.
The focused transport equation can be transformed into a simpliﬁed Parker
transport equation by assuming a nearly isotropic particle pitch-angle distribution
in the solar wind ﬂow frame. The standard procedure is to express the particle
distribution in terms of a series of Legendre polynomials in µ-space followed by
taking the ﬁrst two moments of the focused transport equation (2.2). Upon
implementing a closing procedure (for details, see Zank (2014)), a closed equation
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for the isotropic part of the energetic particle distribution is recovered which agrees
with the Parker transport equation. However it is simpliﬁed in the sense that the
energetic particle diﬀerential ﬂux only includes parallel diﬀusion related to Dµµ , but
not perpendicular diﬀusion or gradient and curvature drifts. As discussed above, we
emphasize that energy changes involving gradient and curvature drifts in the
motional electric ﬁeld are included. It is important to note that the absence of
particle scattering across the magnetic ﬁeld in standard focused transport theory
does not prohibit us from modeling perpendicular diﬀusion of energetic particles
across the mean spiral magnetic ﬁeld at the nearly perpendicular SWTS. As
discussed in Chapter 4 below (see also, Arthur and le Roux (2013); le Roux and
Webb (2009)), by varying the magnetic spiral magnetic ﬁeld angle according to
Voyager 2 observations, we model how parallel diﬀusion along the local magnetic
ﬁeld varying on intermediate time scales contribute to perpendicular diﬀusion across
the mean spiral magnetic ﬁeld (geometric projection). We estimated in Chapter 4
that this contribution to perpendicular diﬀusion to be much more important than
cross-ﬁeld scattering of particles by resonant interaction with gyro-scale Alfvén
waves. This is the approach we follow in this thesis to model interstellar pickup
DSA at the nearly perpendicular SWTS.
The complete Parker transport equation is (Parker, 1965)
�
�
�
�
∂
1 ∂Ui ∂f
∂f
∂f
∂f
∂f
=
+ Q,
κij
− Ui
− Vd,i
+
∂t
∂xi
∂xj
∂xi
∂xi 3 ∂xi ∂ ln p
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(2.3)

where f (xi , p, t) is the energetic particle distribution as a function of position xi ,
energetic particle momentum p, and time t; Ui is the plasma ﬂow velocity, Vd,i is the
gradient and curvature drift velocity of energetic particles, κij is the symmetric part
of the diﬀusion coeﬃcient tensor containing κ� (parallel diﬀusion coeﬃcient) and κ⊥
(perpendicular diﬀusion coeﬃcient), which is related to particle scattering by
interplanetary magnetic turbulence (Jokipii, 1966), and Q is the source term of
energetic particles.
We emphasize that the Parker transport equation is limited to a nearly
isotropic distribution of energetic particles in momentum space whereas the focused
transport equation (2.2) is not subject to this limitation. Thus the focused
transport equation is more suitable to model the behavior of suprathermal particles
at lower energies upstream of the SWTS which tend to be highly anisotropic
because of the diﬃculty these particles have in staying ahead of the shock when
following the magnetic ﬁeld.

2.3

Diﬀusive shock acceleration
Diﬀusive shock acceleration (DSA) at quasi-parallel shocks, also called as

ﬁrst order Fermi acceleration (Axford et al., 1977; Bell, 1978; Blandford and
Ostriker, 1978; Krymskii, 1977), describes how energetic charged particles gain
energy when being repeatedly reﬂected back and forth across a shock by magnetic
scattering centers (MHD wave turbulence) that are assumed imbedded in the
plasma ﬂow which converges across the shock. The analogue that comes to mind is
particles undergoing elastic scattering inside against two closing walls; and also be
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understood in terms of conservation of the ﬁrst adiabatic moment where parallel
energy gain occurs when the path length between two mirroring points are
decreasing on a time scale longer than the bouncing time between the mirror points.
DSA at quasi-perpendicular shocks, on the other hand, can be thought of in terms
energetic particles experiencing shock drift multiple times in a stochastic fashion
due to perpendicular diﬀusion bring particles back to the shock (Jokipii, 1987).
Both these versions of DSA are uniﬁed in Parker transport theory (equation 2.3)
when applied to a collisionless shock. Assuming continuity of the energetic particle
distribution and of the diﬀerential energetic particle ﬂux (ignoring a potential
particle source at the shock), and solving the Parker transport equation both sides
of a planar, steady state MHD shock results in the standard solution for
steady-state DSA (e.g., see review by Drury, 1983) whereby the accelerated particle
distribution at the shock (at x = 0) is a power law
� �−q
p
N0
q
,
f (0, p) =
3
4πp0 p0
with a power-law index q =

3s
,
s−1

(2.4)

where s = U1 /U2 = ρ2 /ρ1 represents the shock

compression ratio expressed in terms of the ratio of the upstream plasma ﬂow speed
U1 to the downstream ﬂow speed U2 , or the downstream plasma density ρ2 to the
upstream solar wind density ρ1 . Thus, for a strong MHD shock with s = 4,
f (0, p) ∝ p−4 . In the expression for the accelerated spectrum N0 is the density of
source particles injected at the shock with position x = 0 at a momentum p0 .
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The standard solution also predicts that

f (x, p) = f (0, p)

if x > 0 (downstream)
(2.5)

= f (0, p)e

U1 x
κnn1

if x < 0 (upstream),

where κnn1 is the diﬀusion coeﬃcient in the direction normal to the shock front,
indicating an exponential decay of the DSA spectrum upstream (x < 0) due to
modulation by the upstream plasma ﬂow, and a plateaued (spatially independent)
DSA spectrum downstream (x > 0). As discussed above, the close connection
between focused transport theory and Parker transport theory implies that DSA
modeled with the focused transport equation should agree closely to DSA when
modeled with the Parker transport equation, especially in parameter regimes where
the energetic particle distribution is nearly isotropic. The focused transport
equation, by keeping pitch-angle formation, generalizes DSA modeling to parameter
regimes where pitch-angle anisotropies are not small, thus making it ideally suited
for investigating injection of particles into DSA, and the formation of intensity
spikes due to magnetic reﬂection or reﬂection by the cross-shock electric ﬁeld which
is beyond the scope of Parker transport theory. Nonetheless, basic DSA theory
provides a conceptual framework which can help us to understand the more
complicated DSA results following from solving the focused transport equation.
In reality, the predicted power-law of steady-state DSA can only be reached
if there is enough time to accelerate the particles. Thus, it is important to know the
characteristic time scale of DSA and compare it to the available time. Axford
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(1981), Drury (1983), and Cesarsky (1983) estimated that the acceleration time
needed for DSA to accelerate energetic particles from initial momentum p0 to p is

τacc

3
=
U1 − U2

�p �

p0

3s
=
(s − 1)U12

�
κnn1 κnn2 dp�
+
U1
U2
p�

�p �

κnn1 + sκnn2

p0

3
=
(s − 1)sU22

�p �

�

κnn1 + sκnn2

p0

dp�
p�

�

(2.6)

dp�
,
p�

For a spherical SWTS and a spiral magnetic ﬁeld

κnn = κrr = κ� cos2 �ψ� + κ⊥ sin2 �ψ� ,

(2.7)

where κrr is the radial diﬀusion coeﬃcient and κ⊥ is the perpendicular diﬀusion
coeﬃcient relative to the mean spiral angle �ψ�. In the absence of ﬁeld-line
meandering �ψ� = ψ one can interpret κ� and κ⊥ as due to particle scattering on
magnetic turbulence when, for example, energetic particles interact gyroresonantly
with small-scale Alfvén waves. The relationship between κ� and κ⊥ can then be
simply captured in terms of a so called billiard ball scattering model where

κ⊥ =

κ�
,
1 + (λ� /rg )2

(2.8)

λ� is the parallel scattering mean free path (λ� = 3κ� /v), and rg is the energetic
particle gyro radius for (µ = 0). From this expression it follows that for weak
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turbulence (λ� /rg � 1), κ⊥ /κ� � 1. Based on the expression for τacc we see that at
a perpendicular shock, where κnn = κrr = κ⊥ (�ψ� = 90◦ ), DSA is potentially much
more eﬃcient compared to a parallel shock where κnn = κrr = κ� (�ψ� = 0◦ ).
However, according to the diﬀusive injection threshold model

Vinj > 4U2

�

κ�
,
κnn

(2.9)

it is predicted that the injection threshold for DSA is much higher at a
perpendicular shock compared to a parallel shock when κ⊥ /κ� � 1 because it is
much easier for an energetic particle to return to the shock following the ﬁeld line at
a parallel shock compared to returning back to shock crossing a ﬁeld line at a
perpendicular shock. However, in the approach followed in this thesis, the spiral
magnetic ﬁeld is not laminar and perpendicular diﬀusion is dominated by particles
diﬀusing along meandering ﬁeld lines on intermediate scales which results in a
considerably larger ratio for κ⊥ /κ� . For example, at a perpendicular shock one can
�
�
simply model κ⊥ � κ� sin2 δψ (for more details, see Chapter 4) so that
Vinj > �

4U2
2

sin δψ

�1/2 ,

(2.10)

so that, because of meandering ﬁeld lines, the diﬀusive injection threshold can
potentially be considerably lowered if ﬁeld-line random walk is strong enough with
the implication that the DSA time τacc will be considerably enhanced. In other
words, in terms of injection thresholds and the rate of DSA, the diﬀerences between
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DSA at quasi-parallel and quasi-perpendicular shocks can be considerably reduced
when taking into account wandering of magnetic ﬁeld lines at the SWTS (Giacalone
and Jokipii, 1999). The focus of this thesis is largely on how the statistics of
ﬂuctuations in the magnetic ﬁeld spiral angle (ﬁeld-line wandering) on intermediate
time scales larger than a gyroperiod aﬀect injection and DSA of interstellar pickup
ions at the nearly perpendicular SWTS.
In our focused transport model, the diﬀusion coeﬃcient Dµµ models the rate
of pitch-angle scattering of energetic particles by parallel propagating Alfvén wave
turbulence which is speciﬁed by (Schlickeiser, 1989)

Dµµ

�
µVA 2
1
|vµ − VA |2/3
)(1 −
)
=D (
1+�
v
|vµ − VA |5/3 + (Ωlb )5/3
�
�
�
µVA 2
|vµ + VA |2/3
+D (
,
)(1 +
)
1+�
v
|vµ + VA |5/3 + (Ωlb )5/3
�

(2.11)

where Ω is the gyrofrequency of the particles, � is the ratio of the magnetic energy
density of backward-propagating Alfven waves divided by forward-propagating
Alfven waves, lb is the wavelength that separates the inertial and energy-containing
ranges of the Alfven wave power spectrum, VA is the Alfven speed and the
parameter D is
D=

π 2 2
A Ω lb (1 − µ2 ).
8

(2.12)

2
The ratio A2 is deﬁned as �δB⊥
�A /B02 . A2 is the average total energy density of

magnetic ﬁeld ﬂuctuations associated with Alfvén waves normalized to the energy
density in the background magnetic ﬁeld.
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Parallel diﬀusion coeﬃcient can be determined from Dµµ using the
expression (Schlickeiser, 1989)

v2
κ� =
8

�

+1

dµ
−1

(1 − µ2 )2
,
Dµµ

(2.13)

where µ is the cosine of the particle’s pitch angle.

2.4

Injection mechanisms
In focused transport theory one estimate the minimum injection threshold

for particles to be able to participate in DSA by asking what is the minimum speed
an energetic charged particle needs to stay ahead of the shock given that it is
following a magnetic ﬁeld line that is convected with the solar wind through the
shock. Assuming a spiral magnetic ﬁeld ahead of a spherical SWTS one can use the
advection term (second term in equation 2.2) to express the minimum injection
speed as
Vinj =

U1
U1
=
,
cos ψ1
cos θBN

(2.14)

where U1 is the solar wind speed, ψ1 is the magnetic ﬁeld spiral angle just ahead of
the SWTS, and θBN is the shock obliquity angle. The main focus of this thesis is to
investigate the DSA of interstellar pickup ions born locally just ahead of the SWTS
with speeds vP U I � U1 , it is clear that most of the time Vinj � vP U I since it is
unlikely that ψ1 � 0◦ given that for a spherical SWTS at ∼ 84 AU from the Sun
�ψ1 � = �cos θBN � � 89◦ . Even taking into account that ψ1 ﬂuctuates and can be
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small for a certain fraction of the time, Vinj > VP U I even for those ψ1 -values.
Therefore, there is a need for pickup ions to be preaccelerated across the injection
threshold. Focused transport theory contains a number of preacceleration
mechanisms that can be used for this purpose. To more clearly see that we
introduce the Cauchy-Strokes theorem for a nonrelativestic ﬂow (e.g., le Roux and
Webb, 2012; Webb, 1989) to express the gradient of the solar wind velocity ∂Ui /∂xj
in the focused transport equation in terms of diﬀerent nonuniform solar wind ﬂow
contributions:

where

∂Ui
1 ∂Uk
=
δij + σij + wij ,
∂xj
3 ∂xk

(2.15)

�
�
1 ∂Ui ∂Uj
2 ∂Uk
σij =
+
−
δij ,
2 ∂xj
∂xi
3 ∂xk

(2.16)

�
�
1 ∂Ui ∂Uj
wij =
−
,
2 ∂xj
∂xi

(2.17)

is the shear tensor, and

is the rotation tensor of the solar wind ﬂow. By replacing ∂Ui /∂xj in the third line
of (2.2) with the expression of equation (2.15), and applying the method of
characteristics we ﬁnd that

1
p

�

dp
dt

�

φ

=−

bi
1 ∂Ui 1
bi dUi
+ µ qEi ,
+ (1 − 3µ2 )bi bj σij − µ
3 ∂xi
2
v dt
p

(2.18)

where bi is the magnetic ﬁeld unit vector, and Ei is the cross-shock electric ﬁeld in
the solar wind frame formed due to charge separation of ions and electrons occurring
during the shock crossing. Note that the eﬀect of the rotation tensor dropped out
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because bi bj wij = 0 (wij = −wji ). This expression indicates that there are four ways
for locally born pickup ions to be preaccelerated potentially at the SWTS: (i) The
ﬁrst term refers to how pickup ions crossing the SWTS the ﬁrst time can be heated
by adiabatic compression of the solar wind cross the shock and is also the term
occurring in the Parker transport equation (see second last term on the right-hand
side of equation (2.3)). At the nearly perpendicular SWTS the perpendicular
component of ∂Ui /∂xi dominates and the adiabatic compression can be interpreted
in terms of shock drift acceleration (pickup ions are gradient drifting along the
shock front in the direction of the motional electric ﬁeld). It is this preheating
mechanism that we use in our simulations to inject locally born interstellar pickup
ions into DSA. The injection is sporadic, however, because Vinj is only reached by
the heated pickup ions if the ﬂuctuating spiral angle ψ1 is small enough. (ii) The
second term refers to how shear ﬂow gradients in the solar wind ﬂow can result in
particle preheating for injection purpose (Berezhko and Krymskii, 1981; Earl et al.,
1988), but for some µ-values energy loss can also occur. In the diﬀusion
approximation when particles scatter back and forth across the shear-ﬂow gradient,
particle preheating will be a second order Fermi (stochastic) acceleration process. In
our simplied model of a spherically- symmetric radial solar wind outﬂow across the
SWTS shear ﬂow gradients do not play a role. (iii) Since particle momentum is
measured in the nonuniform solar wind ﬂow frame, which is a noninertial frame, the
solar wind ﬂow acceleration across the shock dUi /dt can act as a noninertial force
that can either accelerate or decelerate the particle depending which way the
particle cross the shock. Again, in the limit of strong particle scattering, when
36

particles cross the shock in a random fashion, particles will experience preheating as
a second order Fermi acceleration process (Krymskii, 1981). Since the acceleration
(1/p) �dp/dt�φ ∝ 1/v, this mechanism is very eﬃcient in heating thermal particles,
especially at fast traveling shocks (le Roux and Webb, 2012), but quickly becomes
ineﬃcient for suprathermal particle speeds v � U1 . In addition, because focused
transport theory applies to nearly gyrotropic distributions, the eﬀect of dUi /dt is
strongly suppressed at nearly perpendicular shocks such as the SWTS. Therefore,
this preheating mechanism is not considered in our model for pickup ion
acceleration at the SWTS. (iv) Finally, the last term in (1/p) �dp/dt�φ shows how
the cross-shock electric ﬁeld Ei can result in either energy gain or energy loss
depending in which direction a particle cross the shock. Just as in the case of the
noninertial force, in the limit of strong particle scattering when particles experience
multiple random shock crossings, preheating by the cross-shock electric ﬁeld will
result in a second order Fermi process. In addition, particle reﬂection back
upstream by the cross shock electric ﬁeld can also result in particle acceleration.
This acceleration process was discussed by Zank et al. (1996b) and Lee et al. (1996)
in terms of a shock surﬁng mechanism where particles repeatedly are reﬂected back
upstream by the cross-shock electric ﬁeld followed by particle gyration back to the
shock. Thus the particles skim along the shock surface gaining energy from the
motional electric ﬁeld until the magnetic Lorentz force becomes strong enough for
particles to cross the shock. This acceleration process can be eﬃcient if the shock
ramp maintains a thickness of about an electron inertial scale (Zank et al., 1996b).
Again, as with the noninertial force, the cross-shock electric ﬁeld eﬀects are strongly
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underestimated in focused transport at a nearly perpendicular shock such as the
SWTS because of the assumption of a nearly gyrotropic particle phase angle
distribution. In Chapter 6 we discuss the derivation of a more general focused
transport equation not limited to a nearly gyrotropic particle distribution in which
the eﬀects of the noninertial force and the cross-shock electric ﬁeld are fully
accounted for at nearly perpendicular shocks. Another mechanism that contributes
to particle preheating is a consequence of particles getting reﬂected back upstream
when experiencing mirroring by the compression and kink in the magnetic ﬁeld
across the shock because of the magnetic mirroring/focusing term (ﬁrst term in the
second line of equation (2.2)). This eﬀect is not visible in the expression for
(1/p) �dp/dt�φ because particle momentum is measured in the magnetic ﬁeld frame
advected with solar wind so that E = −U × B = 0 but is present in focused
transport theory. However, because particle momentum is measured in the
noninertial solar wind frame, an observer in the solar wind frame ahead of the shock
will see magnetic reﬂection occur analogue to a particle bouncing of a moving wall
coming towards the upstream observer (energy-gaining collision with moving wall).
This eﬀect is mysteriously captured by focused transport theory when applied at a
quasi-perpendicular shock (e.g., see le Roux et al., 2007).
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CHAPTER 3

Q-GAUSSIAN DISTRIBUTION

3.1

Overview
The kappa distribution function, given by f (x) = Aκ [1 + Bκ x2 /κ]−κ , where x

is a physical parameter, has been used extensively in space physics to model
observed charged particle distributions in the solar wind, which are typically
observed to have power-law tails (e.g., Leubner, 2002, 2004; Livadiotis and
McComas, 2013). However, in the past the kappa distribution lacked a proper
statistical mechanical foundation related to solar wind plasma conditions. The solar
wind, being mostly a collisionless high conductivity plasma, is a physical system
where forces have long spatial and time scale coherence, thus displaying nonlinear
eﬀects, intermittency, fractal and multifractal scaling, and non-Gaussian probability
distribution functions (PDFs) for a variety of plasma parameters that exhibit
strongly kurtotic behavior on shorter time scales. To model the PDF of nonlinear,
nonequilibrium physical systems such as the solar wind, Tsallis (1988), for example,
extended standard statistical mechanics for equilibrium Gaussian behavior by
maximizing the so called nonextensive non-additive entropy Sq , where q indicates
the degree of the nonextensiveness of the entropy, to yield a Tsallis q-Gaussian PDF
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that can be compared to the kappa distribution:

f (x) = Aq [1 + Bq (q − 1)x2 ]1/(1−q)
2

= Aκ [1 + Bκ x /κ]

−κ

(3.1)

,

from which it follow that −κ = 1/(1 − q) or q = 1 + 1/κ. The q-Gaussian PDF can
be used to model PDFs that range from Gaussian (q → 1, κ → ∞) to ones that have
strong power-law tails (large q, small κ-values). Burlaga and Viñas (2004), Burlaga
and Ness (2009) and others used the q-Gaussian PDF to ﬁt successfully observed
PDFs of the solar wind speed, and magnetic ﬁeld time variations over a large range
of time scales. The results show that where the PDFs tend to be Gaussian on long
time scales, they are strongly increasingly non-Gaussian and intermittent on shorter
time scales, indicating the presence of coherent nonlinear structures. As discussed
below, we use the q-Gaussian PDF to model the statistics of the magnetic ﬁeld
direction and strength near the solar wind termination shock, and termination
shock compression ratio.

3.2

Probability Density of q-Gaussian
The PDF of the q-Gaussian is deﬁned for −∞ < q < 3 as
1
f (x) =
Cq

�
2
q (x−µ̄q )
(Bq )e−B
,
q
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(3.2)

where eq (y) is the q-exponential function, deﬁned as

1

eq (y) = [1 + (1 − q)y] 1−q

1 + (1 − q)y ≥ 0

(3.3)

1 + (1 − q)y < 0,

0

with y = −Bq (x − µ̄q )2 in (3.1). The q-exponential function reduces to an
exponential function ex when q = 1. Cq is the normalization factor given by
�
1
2 πΓ
1−q
� −∞<q <1
�
Cq =
√
3−q
(3 − q) 1 − qΓ
2(1 − q)
√

√

�

π

q=1

�
3−q
πΓ
2(q − 1)
�
�
√
1
q − 1Γ
q−1
√

�

(3.4)

1 < q < 3,

the q-mean µ̄q is given by
�

µ̄q = �x�q =

x[f (x)]q dx
�
,
[f (x)]q

(3.5)

the q-variance (width of the PDF), σ̄q is deﬁned by

2

2

�

σ̄q = σ = (x − µ̄q )

2

�

q

=

�

(x − µ̄q )2 [f (x)]q dx
�
,
[f (x)]q

(3.6)

and ﬁnally,
Bq = [(3 − q)σ̄q 2 ]−1 .
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(3.7)

When q = 1, the q-Gaussian distribution becomes the normal (Gaussian)
distribution. The q-Gaussian distribution is controlled by the q-value that
determines the shape of the q-Gaussian distribution and by standard deviation σ̄q
which controls the width of the distribution for a ﬁxed q-value.

3.3

Box-Müller method
We use the Box-Müller method to generate the q-Gaussian distribution (3.1).

Two independent uniform distributions U1 and U2 within the interval (0,1) are
needed as input to two new random variables Z1 and Z2 deﬁned as (Thistleton
et al., 2006)
Z1 =

�
−2 lnq (U1 ) cos(2πU2 ),

(3.8)

Z2 =

�

(3.9)

and
−2 lnq (U1 ) sin(2πU2 ).

In fact, both Z1 and Z2 are standard q-Gaussian distributions characterized by
q� =

3q−1
.
q+1

Here, lnq (U1 ) is called the q-logarithm which is given by the expression

lnq (x) =

x(1−q) − 1
1−q

x > 0.

(3.10)

The general q-Gaussian distribution with mean µ̄q and variance σ 2 = σq2 can be
produced by the transformation Z � = µ̄q + σq Z, where Z ∼ Nq (0, 1). As a result,
Z � ∼ Nq (µ̄q , σq2 ) (The q-Gaussian distribution with mean value µ̄q and standard
deviation σq is often denoted by Nq (µ̄q , σq2 )).
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3.4

Examples of q-Gaussian distribution of magnetic ﬁeld angle
variations at the SWTS
Figure 3.1 shows simulated PDFs of solar wind magnetic ﬁeld angle

variations near the SWTS for diﬀerent q- and σ-values using the approach outlined
above. These PDFs were used to generate diﬀerent time series of ﬂuctuations in the
magnetic ﬁeld spiral angle in the focused transport model for the purpose of
studying interstellar pickup ion acceleration at the SWTS in the presence of a
locally meandering spiral magnetic ﬁeld (see Chapter 4 further below). The results
illustrate how changing q alters the shape (level of non-Gaussianity) of the PDF
whereas varying σ aﬀects the broadness of the PDF. When q = 1, the q-Gaussian
distribution becomes the normal distribution. The red curves represent the PDFs of
q-Gaussian distribution for 500,000 data points, and the blue curves for the PDFs of
q-Gaussian distribution for 1,000 data points. Figure 3.1(a) represents the
q-Gaussian distribution with q = 1 and σ = 3◦ . The range of the spiral angle
∈ [−10◦ , 10◦ ]. Figure 3.1(b) represents a
variation is restricted narrowly to δψ ∼
q-Gaussian distribution with q = 1 and σ = 30◦ . In this case the range of δψ is far
∈ [−90◦ , 90◦ ]. Compared to Figure 3.1(a). Figures
more extended to δψ ∼
3.1(c),(d),(e),(f) represent the q-Gaussian distributions with q = 2.6 or q = 2.9, and
σ = 3◦ or σ = 30◦ in diﬀerent combinations. The reason for showing reduced PDFs
of the q-Gaussian distribution containing a 1,000 values are that our simulations of
accelerated pickup ion spectra in the next chapter are based on specifying a time
series of ∼ 1, 000 magnetic spiral angles from the full PDF of a 500,000 values in the
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simulations to accomplish pickup ion acceleration over a period of a few months
since larger simulations are not practical at the moment. Compared with the PDFs
consisting of 500,000 data points (smoother curves for the q-Gaussian distributions),
the curves made of 1,000 data points reproduce reasonably well the shape of the
more accurately calculated q-Gaussian distributions.
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Figure 3.1: The simulated probability density function (PDF) of the Solar wind
magnetic ﬁeld spiral angle variation modeled as a q-Gaussian distribution. Blue lines
are for q-Gaussian distribution of a 1,000 data points; red lines present the q-Gaussian
distribution of a 500,000 data points. 3.1(a) shows results for q = 1.0 and σ = 3◦ ,
3.1(b) for q = 1.0 and σ = 30◦ , 3.1(c) for q = 2.6 and σ = 3◦ , 3.1(d) for q = 2.6 and
σ = 30, 3.1(e) for q = 2.9 and σ = 3◦ , and 3.1(f) for q = 2.9 and σ = 30◦ .
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CHAPTER 4

INTERSTELLAR PICKUP ION ACCELERATION IN THE
TURBULENT MAGNETIC FIELD AT THE SOLAR WIND
TERMINATION SHOCK USING A FOCUSED TRANSPORT
APPROACH

4.1

Overview
The Voyager 1 and Voyager 2 spacecraft crossed the SWTS in December

2004 (Burlaga et al., 2005; Decker et al., 2005; Stone et al., 2005) and in August
2007 (Burlaga et al., 2008b; Richardson et al., 2008; Stone et al., 2008), respectively.
The Voyager 2 spacecraft crossed the SWTS at around 83.7 AU in the southern
hemisphere, which is around 10 AU closer to the Sun than the Voyager 1 crossing in
the northern hemisphere 3 years earlier. The Voyager 2 SWTS crossing revealed a
highly time-dependent shock structure that yielded diﬀerent values for the
compression ratio (∼ 2.4 for the second crossing and ∼ 1.6 for the third crossing)
(Burlaga et al., 2008b; Richardson et al., 2008). These crossings led to renewed
interest in trying to understand how interstellar pickup ions are accelerated by the
SWTS and the formation of the anomalous cosmic-ray component. The Voyager
observations showed that pickup ions are accelerated locally at the SWTS to ∼ 3
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MeV (Cummings et al., 2006), while higher anomalous cosmic-ray energies are
reached, either elsewhere at remote locations of the SWTS (McComas and
Schwadron, 2006), or in the heliosheath (e.g., Drake et al., 2010; Fisk and Gloeckler,
2006), thus forming a two-component anomalous cosmic-ray spectrum. The focus in
this chapter is on the formation of the lower energy anomalous cosmic-ray
component with energies between ∼ 1 keV-3 MeV at the SWTS also known as the
termination shock particle (TSP) component. This TSP component is partially
covered by the Voyager 2 Low Energy Charged Particle (LECP) instrument which
can measure ∼ 0.028 − 30 MeV lower energy ion intensities. (Our main focus is
Voyager 2 observations because of the availability of plasma data not existing for
Voyager 1). The Voyager 2 TSP data is limited because it cannot measure pickup
ion with energies less than ∼ 28 keV.
Traditionally, the Parker transport equation (Parker, 1965) was used to
model pickup ion acceleration at the SWTS when using a transport theory
approach. However, interesting Voyager results, such as strongly ﬂuctuating
pitch-angle anisotropies upstream, the detection of highly anisotropic intensity
spikes at the SWTS, the average upstream anisotropy peaking at a surprising high
energy far above the upstream ﬂow energy, and energetic particle spectra with
multiple power-law slopes with breaking points in between that are highly variable
upstream (Cummings et al., 2006; Decker et al., 2005, 2008b), suggest that
transport modeling should be modiﬁed in at least 2 ways. First, the turbulent
nature of magnetic ﬁeld conditions at the SWTS should be taken into account, and
secondly, a transport theory is needed that apply when particle distributions are
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highly anisotropic given that the Parker transport equation only holds for nearly
isotropic particle distributions. In response, shock acceleration transport models
were developed in recent years based on numerical solutions of the focused transport
equation (Florinski et al., 2008a,b; Kóta and Jokipii, 2004; le Roux and Webb, 2009;
le Roux et al., 2007) to take advantage of the fact that focused transport is not
restricted to small pitch-angle anisotropies. This is especially advantageous at lower
suprathermal particle energies upstream where particle distributions can be
sporadically strongly anisotropic (Decker et al., 2006), allowing one to model
particle injection into DSA naturally at those energies. Furthermore, statistical
variations in the observed magnetic ﬁeld direction near the SWTS were included as
a time series to model time variations in injection and DSA of pickup ions to
simulate the highly volatile nature of actual DSA at the SWTS (Arthur and
le Roux, 2013; Florinski et al., 2008a,b; le Roux and Webb, 2009). This focused
transport approach should be seen as complementary to more sophisticated
self-consistent shock acceleration models based on hybrid codes (Giacalone, 2005;
Kucharek and Scholer, 1995), and particle-in-the-cell models (Lembege et al., 2004;
Scholer et al., 2003b), but has the virtue of relative simplicity because diﬀerent
statistical plasma parameters can easily be studied separately and in combination at
the SWTS to gain perhaps more clear conceptional understanding of the role of
such statistics on pickup acceleration at the SWTS.
Using the focused transport approach, le Roux and Webb (2009) introduced
a time series of random magnetic ﬁeld spiral angle variations according to Voyager 1
observations upstream near the SWTS during 2004 in the model. The broad
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spectrum of magnetic ﬁeld angle time variations resulted in a shock obliquity and
thus particle injection threshold for DSA that varied stochastically with time,
enabling the modeling of pickup ion perpendicular diﬀusion due to
ﬁeld-line-random-walk across the SWTS as occurring in “real time”. These
variations played a key role in enabling “core” 1 keV pickup ions born upstream to
experience sporadic injection into DSA when the ﬁeld angles are favorable, resulting
in eﬃcient DSA. The model were able to successfully reproduce qualitatively all the
Voyager observations mentioned in the 1st paragraph of the Overview. In a
follow-up paper, Arthur and le Roux (2013) showed that the model is able to
simulate remarkably well the details of the accelerated pickup ion spectrum
(including multiple power-law slopes and breaking points in between) as observed
with Voyager 2 downstream of the SWTS using the Low Energy Charged Particle
(LECP) instrument (Decker et al., 2008a). The observations were averaged over a
78-day interval between 07/241 and 07/319 of 2007.
Florinski et al. (2008b) also solved the focused transport equation, using a
Legendre polynomial expansion approach instead of directly solving the equation
numerically. The idea was to gain computational eﬃciency because with this
approach it is not necessary to solve the equation as a function of pitch-angle since
its pitch-angle dependence is prescribed by the Legendre polynomials. The authors
point out that low-energy particle intensities are discontinuous and sharply peaked
at the SWTS, consistent with the observations and with the simulations of le Roux
et al. (2007), le Roux and Webb (2009), and Fraschetti and Giacalone (2015).
Florinski et al. analyzed pitch-angle distributions of 1 MeV protons using upstream
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Voyager 1 observations. They found the observed pitch-angle distribution to be
consistent with the model predictions at the highly oblique SWTS, including the
possible presence of oppositely propagating beams along the magnetic ﬁeld.
Kóta and Jokipii (2004) discuss how pickup ion acceleration at the SWTS is
aﬀected when a ﬁeld line connected to Voyager 1 intersects the shock at multiple
points by solving the focused transport equation. They found that enhanced
low-energy ﬂuxes and large, anti-sunward, ﬁeld-aligned anisotropies as observed may
arise naturally based on this approach, and that the observed two-component
anomalous cosmic-ray spectrum can also be reproduced.
In similar vein, Guo et al. (2010) discussed the eﬀect of large scale magnetic
ﬁeld line wandering on energetic particle acceleration at collisionless shocks by
introducing a sinusoidal magnetic ﬁeld intersecting the shock front. By solving the
Parker transport equation numerically, they found that particles are eﬃciently
accelerated where the points of intersection converge. In agreement with the results
of Kóta and Jokipii (2004) and le Roux and Webb (2009), the spectra downstream
exhibited multiple power laws. In follow-up work Kóta (2010) also investigated
particle acceleration when a meandering ﬁeld line crosses a curved perpendicular
shock.
In this chapter we further expand our previous eﬀorts (Arthur and le Roux,
2013; le Roux and Webb, 2009) to model how “real time” statistical variations in
the solar wind magnetic ﬁeld spiral angle, on time scales that are larger than the
time scale of gyroresonant interaction of energetic particles with Alfvèn waves, aﬀect
upstream “core” interstellar pickup ion injection and DSA at the SWTS using a
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focused transport approach. In modeling the TSP component between ∼ 1 keV- 1
MeV with the focused transport model at the SWTS, we include time variations in
the spiral angle in the model on intermediate time scales of ≥ 1 hour as compared
to the short time scale of a gyroperiod of TSP particles. A gyroperiod estimated to
be ∼ 0.25 − 0.5 hour near the SWTS in the vicinity of Voyager 2. The gyroperiod
indicates the minimum time scale on which focused transport theory operates, and
is also the characteristic time scale for gyroresonant interaction of TSP particles
with parallel propagating Alfvén waves considered in our model. Besides addressing
in more depth how statistical time variations in the magnetic ﬁeld spiral angle play
a role, we also study the eﬀects of time variations in the magnitude of the magnetic
ﬁeld. Time variations in the spiral angle are modeled with a q-Gaussian distribution
to reproduce observations by Voyager 2 near the SWTS. In the simulations of DSA,
the shape of the q-Gaussian probability density function (PDF) of the magnetic
ﬁeld angles is also varied theoretically by changing the q-value. In addition, the
width of the PDF is modiﬁed by varying the standard deviation (σ) of the
q-Gaussian distribution. As is discussed below, changing q and σ signiﬁcantly aﬀect
many aspects of DSA, such as injection and acceleration eﬃciency, pitch-angle
anisotropies, and radial gradients across the SWTS, thus shedding light on the
fundamentals of DSA in the presence of meandering ﬁeld lines when the shock is
nearly perpendicular, on average. Interesting new eﬀects were discovered by
statistically varying the pitch-angle scattering rate of accelerating pickup ions with
time due to ﬂuctuations in the magnetic ﬁeld strength. The eﬀects were uncovered
by modeling ﬁeld strength variations with a log-normal distribution near the SWTS
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to reproduce Voyager 2 observations and by varying the standard deviation (σlogn )
theoretically.
In section 4.2, we describe the focused transport equation model and the
numerical method we use to generate statistical variations in the magnetic ﬁeld
spiral angle and the ﬁeld magnitude. In section 4.3 we present the main results of
our simulation. The main conclusions and implications of our work are presented in
section 4.4.

4.2

Model
The focused transport equation is used to study energetic particles

acceleration at the SWTS. The focused transport equation is given by (Isenberg,
1997; le Roux et al., 2002; Skilling, 1975)

∂f
∂f
+ (Ui + vµbi )
∂t
∂xi
�
1
∂bi
∂Ui
∂Ui
+ (1 − µ2 ) v
+µ
− 3µbi bj
2
∂xi
∂xi
∂xj
�
bi dUi ∂f
−2
v dt ∂µ
�
∂Ui
∂Ui 1
1
+ (1 − 3µ2 )bi bj
+ − (1 − µ2 )
2
∂xi
2
∂xj
�
bi dUi ∂f
p
−µ
v dt
∂p
=

∂
∂f
(Dµµ ) + QP U I ,
∂µ
∂µ
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(4.1)

where f (xi , p, µ, t) is the energetic, nearly gyrotropic, gyrophase-averaged charged
particle distribution which is a function of position xi , particle momentum p
(particle speed v), cosine of the particle pitch angle µ, and time t. In the above
equation, the space and time coordinates are measured in the stationary shock
frame, while p and µ are measured in the solar wind frame moving at the solar wind
velocity Ui relative to the shock frame. In (4.1), bi is the unit vector pointing along
the large-scale magnetic ﬁeld, Dµµ is the diﬀusion coeﬃcient in µ-space indicating
the eﬀect of particle pitch-angle scattering on particle transport along bi , and QP U I
is the source term for interstellar pickup ions. The focused transport equation above
is valid for non-relativistic plasma ﬂow and particle speeds. Because the solar wind
speed ahead of the SWTS is around 400 km/s, and we consider low-energy particles
with energies less than several MeV, the non-relativistic assumptions are suﬃciently
justiﬁed.
This is our starting point. Then, assuming a steady state radial solar wind
outﬂow U = U (r)er ( ∂U
= 0) and an Archimedean spiral solar wind magnetic ﬁeld
∂t
with a spiral angle ψ in a heliocentric spherical coordinate system imposing
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spherical symmetry, equation (1) can be expressed as
∂f
∂f
+ (U + vµ cos ψ)
∂t
∂r
�
1
1
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2
r ∂r
�
��
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(4.2)

where f (r, p, µ, t) is a function of heliocentric distance r. In our model, we neglect
the terms containing U ∂U/∂r because these terms are of O( Uv ), thus becoming
negligible for energetic particles when v � U . Since our SWTS is spherical, the
upstream spiral angle ψ1 = θBN , where θBN is the shock obliquity angle of the
SWTS. The magnetic spiral angle ψ is decomposed as ψ(r, Θ, t) = �ψ� (r, Θ) + δψ(t),
where �ψ� (r, Θ) is the mean spiral angle determined by the standard expression

tan ψ =

r sin ΘΩs
,
U

(4.3)

where Θ is the heliospheric polar angle measured relative to the solar rotation axis
and Ωs is the angular speed of solar rotation, yielding �ψ� ∼ 89◦ at a spherical
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SWTS at Θ = 28◦ (based on Voyager 2 latitude at the SWTS) according to
equation (4.3), and δψ(t) represents statistical time variations in ψ (θBN ) near the
SWTS in the plane of the spiral magnetic ﬁeld (r, φ)-plane. The statistics of ψ is
modeled numerically using a q-Gaussian distribution. The q-Gaussian distribution is
characterized by a q-value that determines the shape of the q-Gaussian distribution
and standard deviation σ = σ̄q which controls the width of the distribution for a
ﬁxed q-value. For more information about the q-Gaussian distribution and its
connection to statistical mechanics, see Burlaga and Viñas (2005). When q = 1, the
q-Gaussian distribution becomes the normal (Gaussian) distribution. The
q-Gaussian distribution can be related to a kappa distribution by q = 1 +

1
κ

(e.g.,

Burlaga and Viñas, 2005), which is often used in space physics to ﬁt observations.
To model how changes in the statistics of ψ aﬀect pickup ion acceleration at the
SWTS, we specify q = 1.0, 2.6, 2.9 and σ = 3◦ , 30◦ . The values q = 2.6 and σ = 30◦
are the result of ﬁtting the q-Gaussian distribution to Voyager 2 one hour averages
(see the website http://omniweb.gsfc.nasa.gov/coho/) of ψ(t) observed during
2007 in the vicinity of the SWTS. We determine ψ(t) in the (r, φ)-plane of the spiral
BT
), where BT and BR are the magnetic
magnetic ﬁeld by assuming ψ(t) = tan−1 ( B
R

ﬁeld components measured in the RTN coordinate system. The q-Gaussian
distribution function for ψ is generated with a random number generator according
to the Box-Müller Method (Thistleton et al., 2007).
From the q-Gaussian simulation of ψ(t) we introduce new ψ-values into the
focused transport model at the SWTS in one hour intervals in accordance with the
averaging time scale of ψ in the Voyager 2 data. Because the focused transport
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equation is a gyrophase-averaged equation, the minimum time scale on which it
applies is a gyroperiod. Our estimates show that a gyroperiod varies from ∼ 0.5
hour upstream to ∼ 0.25 hour downstream across the SWTS. Thus, the one hour
time scale chosen for ψ(t) fulﬁlls the minimum time scale requirement of focused
transport theory. According to our spherical SWTS approximation, the upstream
spiral angle ψ1 = θBN , where θBN is the shock obliquity angle. By having ψ(t), we
model the SWTS shock obliquity to vary stochastically with time. For simplicity,
the contribution of SWTS ripples to ﬂuctuations in the shock obliquity is neglected.
In essence we are assuming that the shock obliquity variations will be statistically
similar whether it is caused by SWTS ripples or by magnetic ﬁeld turbulence. In
equation (4.2) the particle distribution is only aﬀected by particles following the
ﬂuctuating spiral magnetic ﬁeld convected with the solar wind in the spatial
advection term. Therefore, the minimum possible speed for particle injection into
DSA is determined by the minimum speed that particles need to stay ahead of the
SWTS when following the meandering magnetic ﬁeld. Since ψ1 (t), the minimum
injection speed is then a stochastic variable given by

Vinj (t) =

U1
U1
=
.
cos ψ1 (t)
cos θBN (t)

(4.4)

In our focused transport equation, on the left-hand-side of equation (4.2),
because we vary the spiral magnetic ﬁeld direction with time in the vicinity of the
SWTS, µ refer to pitch angles measured relative to the spiral magnetic ﬁeld varying
on intermediate time scales as discussed above. Consider now the pitch-angle
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diﬀusion coeﬃcient Dµµ . In terms of standard quasi-linear theory for particle
interaction with Alfvén waves (e.g., Schlickeiser, 1989), the pitch-angle diﬀusion
coeﬃcient can be expressed as

Dµµ

�
��
�2
1
µVA
|vµ − VA |2/3
=D
1−
1+�
v
|vµ − VA |5/3 + (Ωlb )5/3
��
�
��
�2
�
µVA
|vµ + VA |2/3
+D
,
1+
1+�
v
|vµ + VA |5/3 + (Ωlb )5/3
��

(4.5)

where Ω is the gyrofrequency of the particles, � is the ratio of the magnetic energy
density of backward-propagating Alfvén waves divided by forward-propagating
Alfvén waves, lb is the breaking length which equals the wavelength that separates
the inertial and energy-containing ranges of the Alfvén wave power spectrum, VA is
the Alfvén speed ≈ 38 km s−1 upstream, and the parameter D is

D=

π 2 2
A Ω lb (1 − µ2 ).
8

(4.6)

2
2
�A / �B�2 , where �δB⊥
�A is related to the total mean
The ratio A2 is deﬁned as �δB⊥

magnetic energy density of Alfvén waves, which we relate to Voyager 2 observations
(Burlaga et al., 2007, 2010), and �B�2 is associated with the magnetic energy
density in the mean spiral magnetic ﬁeld. Upstream we use the ﬁtting function

�

2
δB⊥

�

A

/ �B�2 = 0.032r − 2.3744
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(83.5 − 84 AU),

(4.7)

whereas downstream we use

�

2
δB⊥

�

A

/ �B�2 = 44.351 − 0.9888r + 0.00553r2

(84 − 88.7 AU),

(4.8)

to reproduce the mean radial dependence of this ratio deduced from the published
values reported by Burlaga and Ness (2009) assuming a stationary SWTS. Note
that the values in (4.7) and (4.8) are higher compared to the Voyager 2 observations
because our spherical magnetic ﬁeld model underestimates the observed magnetic
ﬁeld strength. The radial dependence of the breaking length lb of the Alfvén wave
energy density spectrum is modeled as follows:

lb = 0.0055r + 0.0161
� �
84 �
= 0.48078
(s/sB /sB )
r

(83.5 − 84 AU)

(4.9)

(84 − 88.7 AU),

where s is the shock compression ratio and sB is the magnetic ﬁeld strength
compression ratio and r is in AU. The upstream breaking length (r < 84 AU) is
based on the simulation of Smith et al. (2006), whereas the downstream expression
is modeled using the expression in Zank et al. (1996a).
Equation (4.5) is valid for charged particles interacting gyroresonantly with
parallel propagating Alfvén waves whose spectral magnetic energy density has a ﬂat
energy containing range and an inertial range with a Kolmogorov power-law index
of −5/3. It is assumed for simplicity that low-frequency magnetic turbulence
upstream is dominated by parallel propagating Alfvén waves. The assumption is
consistent with the idea that for heliocentric distances r � 5 AU, interstellar pickup
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proton ring-beam distributions play an important role in generating parallel
propagating Alfvén waves (e.g., Zank et al., 1996a) so that the dominance of 2D
turbulence over Alfvén waves encountered at 1 AU (e.g., Zank and Matthaeus, 1992,
1993) is strongly reduced in the outer heliosphere. The assumption is also consistent
with observations that magnetic turbulence upstream of the SWTS tends to be
perpendicular and incompressible (e.g., Burlaga et al., 2006). Using Alfvén waves
also downstream to scatter pickup ions is less defensible because observations
indicate that compressive turbulence is dominant (e.g., Burlaga et al., 2006).
However, in defense, the rate of DSA is limited by the largest values for the mean
radial diﬀusion coeﬃcient �κrr � near the SWTS (Dµµ implies parallel diﬀusion κ�
that contributes to κrr as discussed below). These are expected to occur upstream
because turbulence ahead of the SWTS is observed to be weaker than behind, as is
typical of nearly perpendicular shocks (Burlaga et al., 2007, 2009). Second order
Fermi particle acceleration by Alfvén waves is not considered because our main
focus is on DSA. In addition, given the weak turbulence levels observed at the
SWTS and our focus on superthermal particles (v � VA ), we assume second order
Fermi acceleration by Alfvén waves to be of minor importance at the SWTS (the
momentum diﬀusion coeﬃcient Dpp ∝ ( VvA )2 ).
The important question is whether the quasi-linear theory for Dµµ , derived
for a slowly varying, large-scale background magnetic ﬁeld, can also be used for our
case of a magnetic ﬁeld that varies in direction and strength on intermediate time
scales. This is allowed as long as the time scale of variation in the magnetic ﬁeld is
longer than the gyroperiod (the time scale of gyroresonant interaction between
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energetic particles and Alfvén waves). As discussed above, we consider variations in
the magnetic ﬁeld spiral angle on time scales ≥ 1 hour which is longer than a
gyroperiod (∼ 0.25 − 0.5 hours) in the vicinity of the SWTS. Thus, as a ﬁrst
approximation, the quasi-linear theory expression for Dµµ can be used as is, but we
interpret µ as being determined by measuring the particle pitch angle relative to the
ﬂuctuating ﬁeld direction and �B� as �B� (t) indicating a ﬂuctuating ﬁeld strength
on intermediate time scales. An interesting question is whether Dµµ will ﬂuctuate
signiﬁcantly when the solar wind magnetic ﬁeld ﬂuctuates on intermediate time
scales. To estimate the level ﬂuctuation in Dµµ we express Dµµ in terms of the
gyro-scale Alfvén wave energy density at the resonant wave number k�res assuming a
Kolmogorov spectrum for Alfvén waves in the inertial range, � = 1 (equal intensity
of forward and backward parallel propagating Alfvén waves), and fast articles
(v � VA ). Then
�2/3
�
2
res
π v �δB⊥ �A (k� , t) rg (t) |µ|
,
Dµµ (t) �
8 rg (t)
lb
�B�2 (t)

(4.10)

where rg (t) is the maximum gyroradius (µ = 0) which ﬂuctuates on intermediate
2
�A (k�res , t) indicates ﬂuctuations in the
time scales (rg ∝ 1/ �B(t)�), and �δB⊥

gyroscale Alfvén wave energy density on intermediate time scales. If we interpret
the 1 hour time variations in �B� as spatial variations in �B� that are advected past
the observer, upstream of the SWTS the magnetic ﬁeld will have intermediate
spatial scale compressions and rarefactions with a size of ∼ 0.01 AU forming a
nonuniform solar wind medium in which small-scale (gyroscale) Alfvén waves
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propagate. According to classical WKB theory for Alfvén wave propagation in a
nonuniform compressive solar wind medium (e.g., Zank et al., 1996a)
2
�δB⊥
�A (k�res , t) ∝ �ρ�3/2 (t) ∝ �B�3/2 (t), assuming simply that �ρ� (t) ∝ �B� (t).

Thus, Dµµ ∝ �B�−1/6 (t), and we conclude that Dµµ (t) will ﬂuctuate weakly, and we
conclude that Dµµ in terms of the large-scale quasi-steady-state spiral magnetic ﬁeld
is approximately equal to Dµµ in terms of the time varying magnetic ﬁeld.
Therefore, we calculate Dµµ without time variations using long timescale averages
using equations (4.5) and (4.6). This suggests that the parallel diﬀusion coeﬃcient
κ� ∝ 1/Dµµ should also ﬂuctuate very little on intermediate time scales. What is
more important is that statistical variations in ψ cause statistical variations in the
projection of κ� in the assumed spherical SWTS normal or radial direction.
Therefore, the radial diﬀusion coeﬃcient κrr is a stochastic variable in our model
determined by
κrr (t) = D� (t) cos2 �ψ� + D⊥ (t) sin2 �ψ� ,

(4.11)

where D� (t) is the parallel diﬀusion coeﬃcient along and D⊥ (t) is the perpendicular
diﬀusion coeﬃcient across the mean, spiral magnetic ﬁeld in the plane of the spiral
ﬁeld. Since �ψ� � 89◦ for a spherical SWTS, κrr (t) � D⊥ (t), indicating that radial
diﬀusion is dominated by perpendicular diﬀusion at the SWTS. Considering
ﬂuctuation in the spiral angle δψ(t) = ψ(t) − �ψ�, due to ﬁeld-line meandering, we
can express
κrr (t) � D⊥ (t) = κ� sin2 δψ(t) + κ⊥ cos2 δψ(t),
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(4.12)

where κ� and κ⊥ represent particle diﬀusion along and across the local, meandering
magnetic ﬁeld. Thus, we see that particle diﬀusion across the mean magnetic ﬁeld
have contributions from both diﬀusion along (κ� ) and across (κ⊥ ) the local,
meandering magnetic ﬁeld. In the focused transport equation the particle
distribution only depends on particle transport along the meandering ﬁeld which
means that κ⊥ = 0. And the question arises whether the κ⊥ contribution to κrr is
negligible for all δψ-values considered. To answer this question we ﬁrst estimate the
ratio of κ⊥ /κ� . Following hard-sphere scattering theory in a magnetized medium
(Bieber and Matthaeus, 1997; Gleeson, 1969)

2
2
) � 1/(Ω2 τsc
),
κ⊥ /κ� = 1/(1 + Ω2 τsc

(4.13)

where Ω is the ion gyrofrequency, and τsc is the mean scattering time of particles on
magnetic wave turbulence. We assumed that Ωτsc � 1 given the weak turbulence at
the SWTS. The scattering time can be expressed τsc = λ� /v, where λ� is the
scattering mean free path. Following standard quasi-linear theory for gyroresonant
interaction of energetic particles with parallel propagating Alfvén waves along the
local ﬁeld, we ﬁnd that
1/3 2/3

rg l b
τsc � 2.433
,
v �δBA2 � /B02

(4.14)

where rg is the maximum gyroradius (µ = 0), lb is the wavelength separating the
energy-containing range from the inertial range in the Alfvén wave magnetic energy
density spectrum, and �δBA2 � is the mean magnetic energy density of Alfvén waves.
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After inserting the values B0 = 0.088 nT, �δBA2 � /B02 � 0.3, lb = 0.5 AU, and E = 1
MeV in τsc , which is reasonable for conditions behind the SWTS, we ﬁnd that
κ⊥ /κ� � 8 × 10−5 . This estimate combined with considering the smallest δψ-values
in our PDF for δψ that enter into the focused transport simulation, we conclude
that the contribution of κ⊥ to κrr (t) is negligible, thus justifying that κ⊥ = 0 in the
focused transport equation. Thus, the statistical average of κrr (t),

�
�
�κrr (t)� � κ� sin2 δψ(t) ,

(4.15)

in our model, and for a narrow PDF of δψ we can further simplify �κrr (t)� to
�
�
�κrr (t)� � κ� δψ 2 (t) = κ� σ 2 ,

(4.16)

where σ is the standard deviation of the δψ PDF. Since the characteristic
acceleration time of DSA τacc ∝ κrr /U for a spherical SWTS, the eﬃciency of DSA
�
�
at the SWTS now depends on the statistical average �κrr (t)� � κ� sin2 δψ(t) in

which the statistics of ﬁeld-line meandering at the SWTS plays a key role.

As discussed above, theoretically we do not expect ﬂuctuations in the
magnetic ﬁeld strength to induce signiﬁcant ﬂuctuations in Dµµ . To study how
strong statistical ﬂuctuations in Dµµ can aﬀect DSA of pickup ions at the SWTS,
we simply assume for convenience that Dµµ (t) = Dµµ δB 2 (t), where Dµµ is given by
equation (4.5), and δB 2 (t) = (B(t) − �B�)2 with B(t) representing the varying
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magnetic ﬁeld strength on intermediate time scales, and �B� is the mean ﬁeld
strength in the vicinity of the SWTS.
To model statistical time variations in the magnetic ﬁeld magnitude B(t), we
make use of the Voyager 2 data analysis of Burlaga and Ness (2009). Their results
show that the statistics of B(t) can be captured in terms of a log-normal
distribution both sides of the SWTS. For this purpose we use also the Box-Müller
Method (Thistleton et al., 2007) discussed above to generate log-normal
distributions for B that reproduce the mean and variance of B reported by Burlaga
and Ness (2009) based on Voyager 2 observations. Upstream we reproduce the mean
ﬁeld magnitude �B� = 0.041 nT with standard deviation σlogn = 0.015 nT and
downstream �B� = 0.088 nT with σlogn = 0.026 nT. A log-normal distribution is a
continuous probability distribution of a random variable whose logarithm is
normally distributed. Given a log-normally distributed random variable X and two
parameters µ and σ that are, respectively, the mean and standard deviation of the
variables of the normal (Gaussian) distribution, then the logarithm of X is normally
distributed, because X = eµ+σZ with Z a standard normal variable. Then the mean
2
of the log-normal distribution have the expressions
value µ̄logn and variance σlogn

1

2

µ̄logn = �X� = eµ+ 2 σ ,
2
σlogn

�

= (X − µ̄logn )

2

�

(4.17)
= (e

σ2

− 1)e

2µ+σ 2

.

To generate a given log-normal distribution, we ﬁrst specify the associated values
2
to solve the two coupled equations in (4.17) for µ and σ. By
for µ̄logn and σlogn
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specifying q = 1 in our q-Gaussian model (see equation (3.2)−(3.7)), we can produce
a normal (Gaussian) distribution of Z-values. Inserting the Z-values in X = eµ+σZ
then generates the log-normal distribution of X-values. For example, suppose we
want to model a log-normal distribution for the magnetic ﬁeld strength with a mean
value �B� = µ̄logn = 0.041 nT and a standard deviation σlogn = 0.015 nT. By
specifying these values in equation (4.17), we calculate the mean value and standard
deviation of the normal variable Z as µ = −3.25 and σ = 0.347. Therefore we can
model the log-normal distribution as X = e−3.25+0.347Z by using the q-Gaussian
model to generate Z-values assuming q = 1. To model how changes in the statistics
aﬀect DSA, we increase and decrease σlogn both upstream and downstream of the
SWTS by a factor of 2. Drawing from the log-normal simulations of B, we introduce
new values of B(t) in Dµµ in the focused transport model both upstream and
downstream of the SWTS in one hour intervals just as is done for ψ(t). Because we
assume Dµµ (t) ∝ δB 2 (t), the pitch-angle scattering rate and by implication κ�
ﬂuctuates in time according to the statistics of the log-normal distribution. Thus,
both ﬂuctuations in κ� and ψ will contribute to time variations in κrr . This enables
us to determine the role of κ� as a stochastic variable in aﬀecting the eﬃciency of
DSA at the SWTS.
We assume the SWTS is located at a heliocentric distance 84 AU from the
Sun and at 28◦ S latitude in accordance with the Voyager 2 observations. The
interstellar pickup-ion source term is modeled as a continuous pickup proton source
of newly born ∼1 keV interstellar pickup protons upstream of the SWTS due to
charge exchange of solar wind protons with interstellar neutral hydrogen. The
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source term is
QP U I =

nH ν i
δ(p − p0 ),
4πp2

(4.18)

where nH = 0.115 part cm−3 is the number density of interstellar neutral hydrogen,
νi = 6.2 × 10−7 ( rre )2 s−1 is the ionization frequency of the neutral hydrogen due to
charge exchange with solar wind thermal protons and p0 ≈ mU0 (U0 = 400 km/s) is
the approximate speed of the locally born pickup ions. The mean spiral magnetic
ﬁeld is determined by the standard expression �B� = Be (re /r)2 cos ψe / cos ψ(r),
where Be = 5 × 10−5 G is the assumed mean ﬁeld strength at Earth, re = 1 AU, and
ψe � 45◦ is the mean spiral angle at 1 AU. We can ﬁnd the mean spiral ﬁeld
strength just upstream of the SWTS according to �B1 � = �B� (r = rsh = 84 AU).
The radial variation of �B� downstream of the SWTS is determined by assuming
incompressible steady state radial solar ﬂow behind the SWTS so that U ∝ r−2 . By
inserting this relationship in �B�, we ﬁnd that �B� ∝ r downstream of the SWTS.
The mean spiral ﬁeld strength just downstream of the SWTS is determined from
�B2 � = �B1 � sB , where sB is the mean compression in the ﬁeld strength across the
SWTS. The mean solar wind ﬂow speed is assumed for simplicity to be constant
upstream with a value of 400 km/s. The variation in the solar wind ﬂow speed
across the shock was modeled with a tanh function with a scale length ws < λrr (λrr
is the particle scattering mean free path in the radial or shock normal direction).
This ensures that energetic particles sample the full shock compression when
undergoing DSA. The mean SWTS compression ratios s and sB are calculated by
solving a cubic equation for the inverse compression ratio that follows from the
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standard Rankine-Hugoniot shock jump conditions for a fast mode MHD shock
(Webb et al., 1987). The mean shock compression ratio was determined to be
s = 2.9, in the presence of interstellar pickup ions. Voyager 2 observations suggest
that �s� � 2 (Richardson et al., 2008), but we assume that the eﬀective compression
ratio that accelerating pickup ions experience is enhanced because of a possible
SWTS precursor produced by their pressure gradient (Arthur and le Roux, 2013;
Florinski et al., 2009).
In the code it is assumed that the pickup ion distribution f (t) = 0 at the
initial time t = 0. We also use the following boundary conditions: (1) f (p) = 0 at
the minimum particle momentum p = pmin = 0.1mU0 and at the maximum
momentum p = pmax = 1367mU0 (kinetic energy of ∼ 1 GeV), (2) f (r) = 0 at the
minimum heliocentric distance r = rmin = 83.5 AU, and at the maximum radial
distance r = rmax = 88.7 AU, and (3) f (µ) = 0 when µ < 1 or µ > 1 in the
numerical algorithm.
Equation (4.2) is solved numerically using the standard approach of operator
splitting. The time-dependent one-dimensional (1D) hyperbolic equation associated
with each convection term as a consequence of the splitting is solved separately in
sequence using an explicit ﬁnite volume method of second-order accuracy in the
form of a total variation diminishing (TVD) ﬂux limiter scheme (Nutaro et al.,
2001; Sweby, 1984). To solve the time-dependent 1D diﬀusion equation due to
pitch-angle scattering we use the standard second-order accurate, semi-implicit
Crank-Nicholson ﬁnite diﬀerence method.
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4.3

The eﬀect of statistical variations in the magnetic ﬁeld on DSA of
interstellar pickup ions
In this section, we investigate ﬁrst the eﬀect of statistical variations in the

magnetic ﬁeld spiral angle on DSA (section 4.3.1, 4.3.2, and 4.3.3). Then we discuss
the eﬀect of statistical variations in Dµµ generated by ﬂuctuations in the ﬁeld
strength (section 4.3.4).

4.3.1

The eﬀect of statistical variations in the magnetic ﬁeld spiral
angle on DSA
In this section we present simulation results that show how pickup ion

injection, DSA, and transport at the SWTS is aﬀected by statistical time variations
in the magnetic ﬁeld spiral angle ψ(t) in the vicinity of the SWTS. We study how
changing the shape (level of non-Gaussianity determined by the q-value) and the
width (σ) of the q-Gaussian PDF of ψ(t) have an impact on these issues.

4.3.2

How the shape (q-value) of the magnetic ﬁeld angle PDF aﬀects
DSA
First, we discuss how changing the shape (q-value) of the q-Gaussian PDF of

time variations in ψ aﬀect interstellar pickup ion acceleration at the SWTS when
the standard deviation or width σ of the PDF is ﬁxed and the eﬀect of ﬁeld
magnitude variations is ignored.
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Figure 4.1: The simulated q-Gaussian probability density function (PDF) of the
deviation of the magnetic spiral angle from the mean Archimedean spiral angle value
δψ in degrees. The blue line is for q = 1.0, the red line for q = 2.6 and the black line
for q = 2.9. In all cases σ = 30◦ . q = 2.6 best reproduce Voyager 2 observations of the
spiral angle time variations near the SWTS whereas q = 1 is a Gaussian distribution.

In Figure 4.1 we display diﬀerent q-Gaussian PDFs of the deviation δψ of the
magnetic spiral angle relative to the mean Archimedean Parker spiral value
�ψ� ≈ 89◦ for q = 1 (blue curve), q = 2.6 (red curve), and q = 2.9 (black curve)
keeping σ constant at σ = 30◦ . In the ﬁgure, q = 1 represents a Gaussian
distribution, whereas q = 2.6 best reproduce magnetic spiral angle variations from
Voyager 2 observations near the SWTS (see Figure 4.2). In Figure 4.2, the blue
curve represents the PDF of Voyager 2 spiral angle data before the SWTS crossing,
whereas the red curve is the best q-Gaussian distribution ﬁt to the data which
required q = 2.6 and σ = 30◦ . Our data analysis shows that the PDF that best ﬁts
Voyager 2 spiral angle data behind the SWTS crossing is similar to the best ﬁt PDF
upstream. We used the Least-squares minimization method to ﬁnd the best ﬁt to
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Figure 4.2: The probability density function (PDF) of the Archimedean magnetic
spiral angle ψ in degrees near the SWTS. The blue line represents the data of spiral
angles observed by Voyager 2 before crossing the SWTS. The red line represents the
q-Gaussian distribution ﬁt to the data which required q = 2.6 and σ = 30◦ .

the data. For this purpose it was necessary to restrict the q-Gaussian distribution to
spiral angles ψ ∈ [0◦ , 180◦ ] to conform to the range of spiral angles determined from
the Voyager 2 data and introduce a new ﬁtting parameter c. Accordingly, the
modiﬁed q-Gaussian distribution PDF used to ﬁt the data is

c
f (x) =
Cq

�
2
q (x−µ̄q )
(Bq )e−B
H(x)H(π − x).
q

(4.19)

The best ﬁt, besides requiring q = 2.6 and σ = 30◦ as mentioned above, also
required c = 2.3 for the new parameter. Therefore, we assume the upstream PDF to
also apply downstream in the focused transport model. It is clear that the observed
angle variations diﬀer strongly from a Gaussian distribution due to the intermittent

70

J(E) [arbitrary units]

q=1.0 σ=30°
q=2.6 σ=30°
q=2.9 σ=30°
laminar
Vinj
k=1.29

10 98
10
10 76
10
10 5
10 43
10
10 21
10
10 0
10 -1
10 -2
10 -3
10 -4
10 -4

10 -3

10 -2

10 -1

10 0

10 1

10 2

E[MeV]

Figure 4.3: The 33-day averaged intensity spectra of pickup protons calculated for
diﬀerent q-Gaussian distributions of the magnetic ﬁeld spiral angle time variations.
The spectra are plotted as diﬀerential intensity J(E) in arbitrary units as a function
of pickup proton kinetic energy E in MeV. The black curve was calculated for a
constant Parker spiral angle of ψ ≈ 89◦ , the blue curve for q = 1.0, σ = 30◦ , the green
curve for q = 2.6, σ = 30◦ , and the red curve for q = 2.9, σ = 30◦ . The vertical blue
line indicates the minimum injection speed for pickup ions when ψ ≈ 89◦ . The black
dashed line represents the slope of a power-law spectrum J(E) ∝ E −k where k = 1.29
according to standard DSA theory when the SWTS compression ratio is s ≈ 2.9.

presence of large-angle deviations from the mean spiral angle that form a strong tail
in the PDF.
In Figure 4.3, spectra of pickup protons, accelerated by the SWTS at 84 AU
with a shock compression ratio s ≈ 2.9, are shown for the same q-values and σ-value
as in Figure 4.1. Given the volatility of the spectra on short time scales, we show
spectra averaged over a time scale of 33 days when they are in a quasi-steady state
and can be more easily compared with steady-state DSA theory. Volatility here
refers to range time ﬂuctuations in the spectra in response to variations in the
magnetic ﬁeld spiral angle and occur for all q-values when σ = 30◦ , especially close
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to the SWTS. For comparison, dashed curve is included in the ﬁgure that indicates
the spectral power-law slope as predicted by standard DSA theory when s ≈ 2.9.
Upon deﬁning the power-law spectrum of DSA for diﬀerential intensity as
j(E) ∝ E −k , where E is the particle kinetic energy, DSA theory predicts a
power-law index k =

s+2
2(s−1)

which is k � 1.29 when s � 2.9. The black curve

illustrates that, in the absence of time variations in the magnetic ﬁeld spiral angle,
when we assume �ψ1 � ≈ 89◦ in our model, locally born pickup protons with E ≈1
keV experience weak acceleration. The minimum injection speed is high at
Vinj ≈ 57U1 (U1 = 400 km s−1 ) or Einj ∼ 6 MeV and no pickup ions can be injected
into DSA. Pickup ions crossing the SWTS from upstream only experience limited
heating from shock drift, but once downstream they are too slow to return back
upstream. The other three curves in Figure 4.3 illustrate that when statistical time
variations in the magnetic spiral angle is introduced at the SWTS, locally born
pickup ions easily get injected into DSA and eﬃcient DSA occurs for a wide range
of q-values when σ = 30◦ . Both a Gaussian distribution (q = 1) or a strongly
non-Gaussian distribution (q = 2.9) works. This illustrates the key role of magnetic
ﬁeld-line meandering, which produces eﬃcient perpendicular diﬀusion across the
SWTS from downstream when pickup ions diﬀuse along the meandering ﬁeld lines,
in enabling locally born pickup ion injection and DSA as previous authors
demonstrated (e.g., Arthur and le Roux, 2013; Giacalone, 2005; le Roux and Webb,
2009). The simulations were not run long enough to produce an extended power-law
spectrum so that it is unclear whether the DSA power law spectrum will be
reproduced. The bump in the spectrum between 0.01-0.1 MeV is partially the
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product of magnetic reﬂection of pickup ions back upstream at the reﬂection
threshold when the threshold, determined by the minimum injection speed
Vinj = U1 / cos ψ1 (t) (the minimum speed pickup ions need to stay ahead of the
shock), ﬂuctuates because of intermittent time variations in ψ. The bump indicates
that the spectrum becomes progressively harder at lower energies compared to the
prediction of steady-state DSA theory (black dashed curve). This spectral feature of
combining DSA with magnetic mirroring at shocks has been reported before in
solutions of the focused transport at quasi-perpendicular shocks (Florinski et al.,
2008b; Klappong et al., 2001; le Roux et al., 2007). However, for even lower energies
E � 30 keV the spectra is steeper than predicted by DSA, probably because such
low energy particles are less likely to be above the ﬂuctuating reﬂection threshold so
that magnetic mirroring and DSA occur only sporadically.
Perhaps unexpectedly, we ﬁnd that the eﬃciency of DSA is weakly sensitive
to substantial changes in the shape (q-value) of the q-Gaussian distribution of spiral
angles. Comparing the q = 1 (Gaussian PDF) with the strongly non-Gaussian cases
(q = 2.6, 2.9) we see in Figure 4.1 that large deviations in ψ from the mean value
are clearly more probable when q = 2.6, 2.9 (strong increasing probability for low
minimum injection speeds Vinj ≈ U1 ≈ 400 km s−1 close to the speed of the pickup
ion source particles). It appears that this eﬀect is counteracted by a signiﬁcant drop
in probability for intermediate deviations in the spiral angle for which minimum
injection speeds Vinj are still quite close to Vinj ≈ U1 . Nonetheless, for q = 2.9 (red
curve) the DSA acceleration eﬃciency is signiﬁcantly larger. The explanation is that
small angle deviations in the range of ∼ 0◦ − 10◦ , which still strongly reduce the
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Figure 4.4: The probability density function (PDF) of minimum injection speed
Vinj = U1 / cos ψ1 (t) = U1 / cos θBN (t). The injection speed is normalized to the
assumed mean upstream ﬂow speed U1 = 400 km s−1 . The blue curve was generated
for q = 1.0, σ = 30◦ , the red curve for q = 2.6, σ = 30◦ , and the black curve for
q = 2.9, σ = 30◦ .

minimum injection speed Vinj for deviations near 10◦ , are signiﬁcantly more
probable for q = 2.9 compared to q = 1 or 2.6 in Figure 4.3. This implies that
pickup ion injection at lower energies should be considerably more likely when q =
2.9, thus making it easier for DSA to occur more continuously and particles to reach
higher energies.
This subtle eﬀect is conﬁrmed in Figure 4.4 where the PDFs of the minimum
injection speeds Vinj (t) = U1 / cos ψ(t) = U1 / cos θBN (t) are plotted for the
corresponding q-values in Figure 4.3. In the ﬁgure Vinj is normalized to the assumed
mean upstream ﬂow speed of U1 = 400 km s−1 ≈ 1 keV. Figure 4.4 shows that the
probability of Vinj /U1 in the interval 1 – 5 is roughly same for all three q-values.
However, there is a higher probability for Vinj /U1 to be in the range of ∼ 5 – 40 (∼
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25 keV – 1.6 MeV) when q = 2.9 compared to 1.0 or 2.6. This corresponds to the
∈ [0◦ , 10◦ ], approximately,
higher probability of smaller spiral angle deviations δψ ∼
for q = 2.9 in Figure 4.1 that most likely explains the more eﬃcient DSA for this
case in Figure 4.3. The reader might ﬁnd it surprising that Figure 4.4 suggests that
low Vinj -values are more probable whereas Figure 4.1 implies the opposite. In this
regard, it is interesting to note that in Figure 4.4 low minimum injection speeds
Vinj ≈ 1 − 2 are the most probable. One could argue that since the mean spiral
angle (�ψ1 � � 89◦ ) is the angle that is most likely, the most probable minimum
injection speed should be high (Vinj � 57U1 ). However, careful inspection of Figure
4.1 reveals that | δψ |> 30◦ is somewhat more likely than | δψ |< 10◦ based on
comparing the area under the curves for the two intervals, irrespective of the value
of q. Thus, Vinj � 1 − 2 is somewhat more probable than 5 < Vinj < 57U1 as Figure
4.4 shows. Such a common occurrence of low injection thresholds is a direct
consequence of eﬃcient magnetic ﬁeld-line meandering near the SWTS, which,
according to Voyager 2 observations, can be statistically captured by a broad
strongly non-Gaussian PDF of spiral angles with q = 2.6 and σ = 30◦ (Figure 4.2).
Perpendicular diﬀusion of pickup ions across the SWTS due to pickup ions diﬀusing
along meandering ﬁeld lines is an eﬀective process that can result into the injection
and DSA of newly-born pickup ions at the SWTS.
We also investigate the level of volatility of the accelerated pickup ion
spectra when averaged over a long time period as compared to a shorter period.
Spectral volatility, driven mainly by upstream ﬂuctuations in ψ = θBN (ﬂuctuations
in Vinj ), are pronounced when spectra are averaged over short time scales, making it
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Figure 4.5: Intensity spectra of pickup protons when q = 2.6 and σ = 30◦ . The
spectra, each one averaged over 33 days, are compared in each panel for two diﬀerent
time periods. In the left panel spectra are compared just downstream at 84.16 AU
whereas in the right panel they are compared far downstream at 88 AU (the SWTS
is located at 84 AU).

impractical to compare spectral slopes with the slope predicted by standard,
steady-state DSA theory. Thus, we compare spectra averaged over a longer time
period of 33 days for two separate time periods to estimate the reduction in spectra
volatility. The results in Figure 4.5 show that the downstream volatility level is low,
thus lending support that on this time scale the observed spectra can be compared
to the predictions of steady-state DSA theory. Nonetheless, as Figure 4.5 shows,
spectra near the SWTS are still more volatile than far downstream where they are
very quiet. This is consistent with the Voyager observations (Decker et al., 2006)
and was discussed previously using simulations by Giacalone (2005); le Roux and
Webb (2009).
Figure 4.6 shows the calculated pitch-angle averaged, gyrotropic pickup
proton distributions as a function of radial distance across the SWTS for particle
kinetic energies E = 10 keV (Figure 4.6(a)), 100 keV (Figure 4.6(b)) and 1 MeV
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(Figure 4.6(c)) from 83.5 AU to 85.5 AU. Note that, as mentioned above, we
consider particle transport and acceleration in a focused transport model with a
time varying magnetic ﬁeld spiral angle. Thus, in our model the particle pitch
angle, and thus µ is measured relative to the local ﬁeld direction. Therefore, f (r) in
this ﬁgure, and also in Figure 10 further below must be interpreted as distributions
that were averaged over the full range of pitch angles relative to local ﬁeld direction
at every time step of the simulation, followed by averaging f (r) over a ∼ 33-day
period. The simulation boundaries are 83.5-88.7 AU but the last 3.2 AU of the
radial proﬁles are not shown because the curves remain unchanged. For each energy,
radial proﬁles are compared for the same three q-values (q = 1, 2.6, 2.9), keeping σ
ﬁxed at σ = 30◦ . The radial proﬁles are averaged over 33 days and normalized to a
value of 1 at the peak intensity. There is a prominent intensity spike in the
accelerated pickup proton distribution at the SWTS in all cases. This is caused by
the magnetic mirroring/focusing term in the focused transport equation (see the
ﬁrst term in the fourth line of equation (4.2) which follows by assuming a spiral
magnetic ﬁeld in the mirroring/focusing term in equation (4.1) (ﬁrst term in the
second line of equation (4.1)). Applying the method of characteristics, this term can
be expressed in terms of the rate of change of µ following the guiding center as

dµ
∂ cos ψ
≈ v(1 − µ2 )
,
dt
∂r

(4.20)

inside the SWTS ﬂow proﬁle. As this expression indicates, the intensity spike is due
to the reﬂection (dµ/dt < 0) of incoming accelerated pickup ions by the kink in the
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magnetic ﬁeld that occurs when the magnetic ﬁeld is compressed across the SWTS
(∂ cos ψ/∂r < 0). In our simulation, the kink in the ﬁeld is calculated using the
standard MHD shock jump conditions (Webb et al., 1987). Thus, the focused
transport equation provides a natural explanation for the observed occurrence of a
spike in the energetic particle intensity at the SWTS (Decker et al., 2005) in terms
of magnetic reﬂection by the SWTS magnetic ﬁeld compression. In the observed
spike the intensity of 1 MeV proton increased by a factor of ∼ 10 and le Roux and
Webb (2009) found in their focused transport simulations examples of spike events
with similar amplitudes at the SWTS at this energy. The intensity spikes at the
SWTS shown in Figure 4.6(c), although prominent, are of considerably smaller
amplitude. This can be partially explained the fact that the we show results
averaged over a long time period of ∼ 33 days. Based on our PDFs for δψ = δθBN
shown in Figure 4.1, the SWTS is quasi-parallel for a considerable fraction of the
time during a 33-day period. During quasi-parallel events the magnetic ﬁeld
compression is weak and magnetic reﬂection is ineﬀective because

∂ cos ψ
∂r

across the

SWTS is reduced in equation (4.20) (reduced kink in ﬁeld across the SWTS). It is
interesting to note that in observations of energetic storm particle (ESP) events
spike formation can also occur at quasi-parallel traveling shocks (e.g., Lario et al.,
2005). In can be argued that, because magnetic reﬂection is weak at quasi-parallel
shocks, one cannot use this mechanism in focused transport models to explain spike
formation at these shock obliquities. This is indeed so if the shock obliquity is kept
at a ﬁxed quasi-parallel value as discussed in le Roux et al. (2007). However, if one
would allow the shock obliquity in our model to ﬂuctuate at a quasi-parallel shock
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in response to time variations in the direction of the meandering magnetic ﬁeld at
the shock, as is done in this paper for a nearly-perpendicular shock, for a signiﬁcant
fraction of the time the shock obliquity will be quasi-perpendicular if the magnetic
ﬁeld turbulence is strong enough. Then magnetic reﬂection at the shock will occur
sporadically. On this basis, we expect our model to be able to generate intensity
spike events at quasi-parallel shocks. When averaged over time, we expect intensity
spikes to be weaker at quasi-parallel shocks compared to quasi-perpendicular shocks
because the probability of quasi-perpendicular shock obliquities are statistically
higher at quasi-perpendicular shocks. Our simulations, on the other hand, are
simpliﬁed. If we would further extend our model to also include spatial variations in
the direction of the meandering magnetic ﬁeld across the shock, particles able to
cross the shock following the meandering magnetic ﬁeld can experience trapping
near the shock to form intensity spikes (Fraschetti and Giacalone, 2015). Temporary
trapping can occur when the crossing particles are scattered by the meandering
magnetic ﬁeld turbulence both sides of the shock, or by particles crossing the shock
multiple times when following meandering magnetic ﬁeld lines that intersect the
shock at multiple points. When averaged over time, we expect the intensity spikes
to be weaker at quasi-parallel shocks compared to perpendicular shocks because
quasi-perpendicular shock obliquities are statistically more common at highly
oblique shocks.
Note that in Figure 4.6 the factor of increase in the distribution function
associated with the spike from the upstream side tends to increase at higher particle
energies. This can be attributed to that magnetic mirroring events are more
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sporadic at lower energies because only particles with speed
v > Vinj (t) = U1 / cos ψ1 (t) can be reﬂected back upstream. The drop in the spike
intensity behind the SWTS is especially large at lower energies because theoretically
particle velocity is measured in the solar wind ﬂow frame so that the eﬀect of the
decrease in the solar wind velocity across the SWTS on the particle distribution
function is strong for particle speeds close to the solar wind speed. We also ﬁnd that
the relative upstream radial gradient in the accelerated pickup ion distribution
decreases with increasing particle energy. This implies that the average radial
(shock normal) diﬀusion coeﬃcient �κrr � increases with increasing energy. In our
model with a ﬂuctuating magnetic ﬁeld spiral angle ψ(t), one can think of eﬀective
diﬀusive transport in the shock normal direction as the statistical time average of
parallel diﬀusion (due to Dµµ ) along the meandering magnetic ﬁeld whose
projection in the shock normal direction ﬂuctuates according to the statistics of
ψ(t). The average radial diﬀusion coeﬃcient can be expressed as

�
�
�
�
�κrr � ≈ κ� sin2 δψ � κ� sin2 δθBN ,

(4.21)

(see equation (4.15) and its discussion). Since κ� ∝ v 2/3 , the eﬀective diﬀusion
length upstream �κrr1 � /U1 also increases with increasing energy, thus explaining the
results (κ� ∝ v 2 /Dµµ and Dµµ ∝ v 4/3 for v � VA according to quasi-linear theory
(Schlickeiser, 1989)). The radial proﬁles depend weakly on the q-values of the PDF
of spiral angles and there is no discernible trend in how varying q aﬀects se proﬁles.
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Figure 4.6: The calculated pitch-angled averaged pickup proton distribution f (r)
in arbitrary units as a function of heliocentric radial distance r in AU. The SWTS is
located at 84 AU. In (a), the pickup proton kinetic energy E = 10 keV, in (b) E =
100 keV, and in (c) E = 1 MeV, respectively. In each panel the blue curve represents
q = 1.0, the red curve is valid for q = 2.6, and the black curve denotes q = 2.9. For
all curves the standard deviation (width of PDF of spiral angles) is σ = 30◦ . Each
curve is averaged over 33 days and normalized to a value of one at the peak intensity.

4.3.3

How the width (σ-value) of the magnetic ﬁeld angle PDF aﬀects
DSA
In this section we discuss how a q-Gaussian distribution of magnetic spiral

angle variations relative to the mean spiral angle will aﬀect pickup ion acceleration
and transport at the SWTS when the standard deviation or width (σ-value) is
varied but the shape (q-value) is ﬁxed. The eﬀects of changing σ from 3◦ to 30◦ are
studied for q = 1, 2.6, and 2.9. In Figure 4.7 we show how the q-Gaussian
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Figure 4.7: The simulated probability density function (PDF) of the magnetic spiral
angle deviation with respect to the Parker spiral angle. The blue lines are valid for σ
= 30◦ and the red lines imply σ = 3◦ . In (a) q = 1.0, in (b) q = 2.6, and in (c) q =
2.9. The case that best reproduce Voyager 2 observations near the SWTS is q = 2.6
and σ = 30◦ .

distribution varies for these values. In Figure 4.7(a), q = 1 (Gaussian distribution)
and σ = 3◦ or 30◦ . The Gaussian distribution is strongly broadened by the increase
in σ. For q = 1 and σ = 3◦ the spiral angle deviations are constricted to a narrow
interval inside ∼ 10◦ . Signiﬁcant broadening of strongly non-Gaussian q-Gaussian
distributions with q = 2.6 generated by changing σ from 3◦ to 30◦ in Figure 4.7(b).
This is done too in Figure 4.7(c) for q = 2.9. The case that best reproduce Voyager
2 observations near the SWTS is q = 2.6 and σ = 30◦ .
In Figure 4.8 we display 33-day averages of the accelerated pickup proton
spectra corresponding directly to the diﬀerent q-Gaussian PDFs shown in Figure
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4.7. The results show that, diﬀerent from changing shape (q-value) of the
q-Gaussian PDF, varying the width (σ-value) of the q-Gaussian has pronounced
eﬀects on pickup ion acceleration at the SWTS. The most striking eﬀect can be
found in Figure 4.8(a). Note how little additional acceleration occurs when
magnetic ﬁeld wandering is modeled with q = 1 and σ = 3◦ (red curve) compared to
the no DSA case when there is no ﬁeld-line wandering (black curve). The lack of
acceleration is a direct consequence of the narrow Gaussian distribution (q = 1) of
spiral angle variations around the Parker spiral angle (see the red curve in Figure
4.7(a)). For such a narrow distribution the probability of a high minimum injection
speed Vinj is high so that few particles are injected into DSA only limited one-time
shock drift acceleration occurs when upstream pickup protons go downstream. In
the case of the blue curve in Figure 4.8(a), acceleration is much more eﬃcient
because injection into DSA occurs. The much broader Gaussian PDF of deviations
in the spiral angle associated with σ = 30◦ (see the blue curve in Figure 4.7(a))
allows a suﬃcient number of large enough angle variations (low minimum injection
speeds Vinj ) to enable injection of newly-born pickup protons into DSA. In contrast,
in both Figures 4.8(b) and 4.8(c) DSA of pickup protons is most eﬃcient for the red
curve (small σ), whereas DSA for the blue curve remains at the level of eﬃciency of
the blue curve in Figure 4.7(a). Thus, more eﬃcient DSA occurs for the narrower
q-Gaussian PDFs of spiral angle deviations (σ = 3◦ ) compared to the broader
distributions (σ = 30◦ ) with stronger tails (more large angle deviations) (see
corresponding Figures 4.7(b) and 4.7(c)). Two key factors explain the results: (i)
For σ = 3◦ there is a higher probability of smaller angle deviations of ∼ 10◦ that are
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responsible for strongly reduced values of Vinj so that low-energy pickup protons are
injected more continuously into DSA and DSA becomes less sporadic. (ii) The
�
�
smaller σ-value implies that �κrr � ≈ κ� sin2 δψ � κ� σ 2 will be reduced both sides

of the SWTS (higher probability of small δψ-values reduce κrr ), thus enhancing the

eﬃciency of DSA because the characteristic acceleration time scale for DSA (Drury,
1983) given by
τacc

3
=
U1 − U2

�

p
p0

�
�
dp �κrr1 � �κrr2 �
,
+
p
U1
U2

(4.22)

is reduced.
In Figure 4.9, we provide supporting evidence from our simulations that in
the case of a small σ value (σ = 3◦ ), the probability of small �κrr �-values is higher
compared to when σ is large (σ = 30◦ ). The PDF of κrr shown in the ﬁgure is
calculated using a subset of δψ-values of the PDF of δψ shown in Figure 4.7
speciﬁed as a time series in the focused transport model simulations. All κrr -values
are displayed in Figure 4.9. The red curves in Figure 4.8(b) and 4.8(c) represent
more fully unfolded DSA spectra that appear closer to the power-law distributions
predicted by standard DSA theory (black dashed curves). The blue curves shows
clearly a spectral bump at lower energies where the spectra are harder than
predicted by DSA theory. This hardening is associated with combining DSA and
magnetic mirroring at the SWTS as discussed above in association with Figure 4.3.
It appears that this spectral hardening is absent in the red curves of Figure 4.8(b)
and 4.8(c) when σ = 3◦ . However, careful inspection reveals that the spectral
sections between ∼ 30 − 200 keV are also harder than predicted by DSA theory.
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Figure 4.8: The simulated 33-day averaged diﬀerential intensity J(E) of pickup
protons as a function of kinetic energy E in MeV just behind the SWTS located
at 84 AU in response to increasing the σ-value (width) of the q-Gaussian PDF for
magnetic spiral angle deviations from the mean spiral angle from σ = 3◦ (red curves)
to σ = 30◦ (blue curves). The eﬀect of changing σ is investigated for various q-values
(shapes of PDF): (a) q = 1.0, (b) q = 2.6, and (c) q = 2.9. The black curves represent
the case when the magnetic ﬁeld spiral angle remains ﬁxed at the Parker value of
�ψ1 � ≈ 89◦ and the vertical blue line indicates the associated minimum injection
speed. The black dashed curve is the power-law spectrum J(E) ∝ E −k , where k =
1.29 for a SWTS compression ratio s ≈ 2.9 according to standard DSA theory.

The magnetic mirroring “bump” is still present, but shifted to higher energies
because the most probable threshold for magnetic mirroring, determined by
statistical time variations in Vinj , is at higher energies when σ is small, because
small σ means that ψ-value is closer to 89◦ compared with large σ-value and results
in high injection speed.
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Figure 4.9: Probability density function (PDF) of the radial diﬀusion coeﬃcient κrr
(in shock normal direction) in units of AU2 S−1 where 1 S = 3.75×105 s ≈ 4.3 days.
Black curves are valid for σ = 3◦ and red curves represent σ = 30◦ . (a) q = 2.6,
and (b) q = 2.9. The vertical blue line indicates the small κrr -value when there is
no magnetic ﬁeld wandering (ψ1 = θBN ≈ 89◦ ) because then κrr = κ� cos2 �ψ� (see
equations (4.11) & (4.12)).

Figure 4.10 shows the calculated, pitch-angle-averaged (pitch angles are
measured with respect to the local magnetic ﬁeld) pickup proton distributions f (r)
averaged over a ∼ 33-day period as a function of heliocentric distance in AU at the
SWTS when varying σ from 3◦ to 30◦ for diﬀerent ﬁxed q-values (q=1 and 2.6) from
83.5 AU to 88.7 AU, thus covering the full simulation domain. These spatial
distributions are investigated for diﬀerent particle kinetic energies which are 10 keV
(Figures 4.10(a) and 4.10(b)), 100 keV (Figures 4.10(c) and 4.10(d)) and 1 MeV
(Figures 4.10(e) and 4.10(f)). The distributions, averaged over 33 days, are shown
for two diﬀerent time periods to illustrate stability. Basically, the radial proﬁles
with a small σ-value (dotted curves with σ = 3◦ ) show more signs of volatility
compared to the proﬁles with a large σ-value (dashed curves with σ = 30◦ ) when
the two diﬀerent time periods (red curves indicate period 1 whereas blue curves
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represent period 2) are compared. That is because the pickup ions are accelerated
more sporadically when the probability of small δψ-values (| δψ |� 10◦ ) is high
(σ = 3◦ ). Then the average minimum injection speed is relatively large due to the
fact that ψ-value is close to 89◦ so that injection of pickup ions into DSA is
sporadic. Sporadic injection is accentuated further because for a Gaussian
distribution large δψ-values are suppressed even more (see Figure 4.7(a)) when
q = 1 and σ = 3◦ . Consequently, there are almost no low-energy particles (10 keV,
100 keV) near the SWTS as indicated by the dotted curves in Figure 4.10(a) and
4.10(c). The absence in dotted curves in Figure 10(c) for radial distances r > 84 AU
(downstream of the SWTS) does not indicate the absence of accelerated particles
behind the SWTS, but the relatively low values of f (r) in this region simply do not
ﬁt in the speciﬁed range for f (r) that we prefer. This indicates that the abrupt
reduction in f (r) across the SWTS is larger at 100 keV compared to 10 keV in
Figure 10(a) and 1 MeV in Figure 10(e) when q = 1 and σ = 3◦ . We think that this
occurs because of two competing eﬀects: (i) Because particle momentum is
measured in the solar wind ﬂow frame, which is a noninertial frame that varies
across the SWTS, the reduction factor in f (r) across the SWTS will become
increasingly strong at lower particle energies when momentum becomes more
comparable to the solar wind speed. (ii) When q = 1 and σ = 3◦ , small deviations in
δψ are highly probable and the mean minimum injection speed is relatively high as
discussed above. This implies that for lower energies < 1 MeV it becomes
increasingly diﬃcult for particles to stay ahead of the SWTS, thus reducing the
reduction factor of f (r) across the SWTS. Our results show that the reduction in
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f (r) peaks at intermediate particle energies due to interplay between these two
eﬀects. The only reason why the dotted curves are visible in the ﬁgures is because
all the curves were normalized to a value of one where their intensities are at a
maximum. Comparing radial proﬁles for q=2.6, σ = 3◦ with proﬁles for q = 2.6, σ
= 30◦ for all three particle energies (10 keV, 100 keV, 1 MeV) reveals that the
approximately exponential decay of f (r) upstream (r < 84 AU) occurs over a
shorter spatial scale for σ = 3◦ . The reason is that for a smaller σ-value, the average
�
�
radial diﬀusion coeﬃcient �κrr � upstream is smaller (�κrr � � κ� sin2 δψ � κ� σ 2 ),

resulting in a shorter mean eﬀective diﬀusion length �κrr � /U1 ahead of the SWTS
(see equation (4.22)). As expected, �κrr � /U1 is larger at higher particle energies (see
discussion of Figure 4.6). Note also that the radial proﬁles of the accelerated pickup
ion distributions are less sensitive to changes in σ when q > 1. This is to be
expected when one inspects the corresponding PDFs of δψ in Figure 4.7. In Figure
4.7(a) changing σ from 3◦ to 30◦ for q = 1 (Gaussian distribution) causes a narrow
distribution of δψ-values to become a broad distribution. In Figures 4.7(b) and
4.7(c) where q > 1, the variation in the broadness of the PDFs of δψ is strongly
reduced for the same change in σ compared to the q = 1 case.
In Figure 4.11 we investigate the accelerated pickup proton pitch-angle
anisotropy averaged over ∼ 33 days in the solar wind frame upstream and
downstream of the SWTS for Gaussian distributions (q = 1) of the magnetic ﬁeld
spiral angle variations at diﬀerent particle energies by varying σ. Even though
particle pitch angle is measured relative to the local ﬂuctuating ﬁeld direction in our
model, given the long time over which the pitch-angle anisotropy is averaged, one
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Figure 4.10: The calculated, pitch-angle averaged pickup proton distributions f (r)
in arbitrary units as a function of radial distance r in AU. The SWTS is at 84 AU.
Dotted curves indicate σ = 3◦ and dashed curves σ = 30◦ . Red curves represent
33-day averages of f (r) over the ﬁrst period and blue curves refer to 33-day averages
over the second period. The curves were all normalized to a value of one at their
peak values. (a) Calculations for q = 1 at a particle energy of 10 keV for σ = 3◦ , and
σ = 30◦ comparing time averages for 2 diﬀerent time periods. (c) Same as (a) except
that E = 100 keV. (e) Same as (a) except that E = 1 MeV. (b) Same as (a) except
that q = 2.6. (d) Same as (c) except that q = 2.6. (f) Same as (e) except that q =
2.6.

should interpret µ in Figure 4.11 as being determined by pitch angle measured
relative to the mean spiral magnetic ﬁeld. The ﬁgures in the ﬁrst column (Figures
4.11(a), 4.11(b), and 11(c)) display anisotropies just ahead of the SWTS at 83.84
AU (the SWTS is at 84 AU). In the second column (Figure 4.11(d), 4.11(e), 4.11(f))
we show anisotropies just downstream at 84.16 AU and in the third column we
display anisotropies further downstream at 88 AU (Figure 4.11(g), 4.11(h), 4.11(i)).
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The ﬁgures in the top row are valid for q = 1, σ = 3◦ , in the second row for q = 1, σ
= 20◦ and in the bottom row for q = 1, σ = 30◦ . In all the panels black curves are
valid for 3 keV, red curves for 10 keV, blue curves for 100 keV and green curves for
1 MeV. ξ indicates the anisotropy value for each curve calculated using the
anisotropy deﬁnition
ξ=

f (µ)max − f (µ)min
,
f (µ)max + f (µ)min

(4.23)

where f (µ)max is the maximum value and f (µ)min is the minimum value of the pitch
angle distribution. Consider the upstream anisotropies in Figures 4.11(a), 4.11(b)
and 4.11(c). In Figure 4.11(a) for higher energy pickup ions (E = 100 keV and 1
MeV) and in Figures 4.11(b) and 4.11(c) for all energies, the results are qualitatively
as expected as a function of particle energy. The pitch-angle anisotropies are smaller
at larger particle energies because faster particles following the magnetic ﬁeld can
stay ahead of the SWTS for most pitch angles whereas for slower particles the range
of pitch angles where this is possible is reduced in the solar wind frame. Therefore,
particle pitch-angle distributions peak at µ = −1 because these pickup ions move at
a maximum parallel velocity along the magnetic ﬁeld in the sunward direction, thus
having the highest probability of staying ahead of the shock. In contrast, the
low-energy 3 keV and 10 keV pitch-angle distributions in Figure 4.11(a) peak at
µ = 0 (“pancake” distributions). A clue to this diﬀerence is the small σ-value
(σ = 3◦ ) which implies a high average minimum injection speed because magnetic
spiral angle ψ is close to 89◦ . Therefore, these low-energy pickup ions are often
below the minimum injection threshold and thus too slow most of the time to stay
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ahead of the SWTS for all µ-values, thus removing the tendency to beam formation
at higher energies when only particles following the ﬁeld with µ � −1 are
suﬃciently fast to stay ahead of the SWTS. When σ is increased, average injection
speed �Vinj � decreases so that also low-energy pickup ions can form beam-like
pitch-angle distributions (see red and black curves in Figures 4.11(b) and 4.11(c)).
The beam-like upstream pitch-angle distributions broaden (ξ-values decrease) with
increasing σ-values because particles with the same energy can survive ahead of the
SWTS more easily for a wider range of µ-values (�Vinj � is reduced) (compare, e.g.,
the green and blue curves of Figure 4.11(a) and 4.11(b)). However, the increasing
broadening levels oﬀ strongly when increasing σ = 20◦ to σ = 30◦ . In fact, ξ
actually increased somewhat for 1 MeV (green curves in Figure 4.11(b) and 4.11(c)).
This might be because �κrr � � κ� σ 2 increases with increasing σ. A decreasing radial
mean free path means particle scattering weakens in the radial (shock normal)
direction, thus making it easier for beam-like distributions to be maintained.
The ﬁgures in the second column (Figures 4.11(d), 4.11(e) and 4.11(f)) show
pitch-angle anisotropies at a distance of 0.16 AU behind the SWTS. The
anisotropies for σ = 3◦ , σ = 20◦ , and σ = 30◦ for all energies are very close to zero
(nearly isotropic), because (i) the downstream solar wind ﬂow speed U2 � U1 so
that pickup ions downstream ﬁnd it considerably easier to move against the solar
wind and, (ii) pitch-angle scattering is stronger behind the SWTS in our model.
Such small anisotropies are consistent with Voyager 2 observations behind the
SWTS (Decker et al., 2008b). We note that the anisotropies observed behind the
SWTS by Voyager 1 can be larger than in our simulations (Decker et al., 2005).
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This is beyond the scope of this paper because we used Voyager 2 data in our
simulations. For the anisotropies to be this small in our simulations at a distance of
0.16 AU behind the SWTS in our simulations only makes sense if the average radial
scattering mean free path �λrr � � 0.16 AU downstream. Our estimates show that in
the range of 3 keV - 1 MeV �λrr � increases from ∼ 0.05 AU - 0.13 AU, thus fulﬁlling
the requirement for small anisotropies. In the third column of Figure 4.11 (Figures
4.11(g) and 4.11(h), 4.11(i)), accelerated pickup ion anisotropies are displayed
further downstream at 88.0 AU. Overall, the pickup ion distributions are even more
isotropic than just behind the SWTS, except for the highest energy (1 MeV) in
Figures 4.11(h) and 4.11(i) for σ = 20◦ and σ = 30◦ , respectively. At this energy
accelerated pickup ions are still streaming away diﬀusively from the SWTS because
they only fairly recently were accelerated to these energies so that the downstream
region is still ﬁlling up to reach a steady state plateau. The explanation is simply
that �κrr � is larger when σ = 20◦ or σ = 30◦ (eﬀect of ﬁeld-line wandering is
stronger) because �κrr � � κ� σ 2 so that the rate of DSA is slower
(τacc ∝ �κrr1 � /U1 + �κrr2 � /U2 ). For the case of non-Gaussian spiral angle
distribution (q = 2.6, 2.9), the results are very similar to the Gaussian case. And
there is no need to display them.

4.3.4

How the width of the magnetic ﬁeld magnitude PDF aﬀects DSA
In this section, we discuss how pickup ion acceleration at the SWTS is

aﬀected when we consider both magnetic ﬁeld angle and magnitude time variations
at the SWTS assuming Dµµ (t) = Dµµ δB 2 (t). In all cases magnetic ﬁeld angle
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Figure 4.11: Simulated pickup proton distributions f (µ) in the solar wind frame as
a function of the cosine of the particle pitch-angle µ. The distributions are averaged
over ∼ 33 days and normalized to a value of 1 at their maximum values. (a), (b), and
(c) show pitch-angle distributions just upstream of the SWTS at 83.84 AU (SWTS
is at 84 AU); (d), (e), and (f) display pitch-angle distributions just downstream at
84.16 AU; and (g), (h), and (i) show pitch-angle distributions further downstream at
88 AU. Figures in the top row are valid for q = 1 and σ = 3◦ , in the second row for
q = 1 and σ = 20◦ , and in the bottom row for q = 1 and σ = 30◦ . Black curves are
valid for 3 keV, red curves for 10 keV, blue curves for 100 keV and green curves for 1
MeV. ξ is the calculated magnitude of the anisotropy of the pitch-angle distribution
which varies between 0 (isotropic distribution) and 1 (maximum anisotropy indicating
a beam). The expression for ξ is given by equation (4.23).
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Figure 4.12: (a) Simulated log-normal PDFs of the magnetic ﬁeld strength at 83.8
AU just upstream of the SWTS (the shock is located at 84 AU) for a mean ﬁeld
strength of �B1 � = 0.04 nT and for the standard deviation of the ﬁeld strength
σlogn = σ1 = 0.007 nT (black), σ1 = 0.015 nT (blue), and σ1 = 0.03 nT (red). (b) as
(a), but downstream, at 84.16 AU for a mean ﬁeld strength of �B2 � = 0.116 nT and
for σlogn = σ2 = 0.013 nT (black), σ2 = 0.026 nT (blue), and σ2 = 0.044 nT (red).
(c) The curves for σ1 = 0.015 nT (upstream) and σ2 = 0.026 nT (downstream) are
isolated because they best represent Voyager 2 observations by Burlaga et al. (2007)
and Burlaga and Ness (2009).

variations at the SWTS are modeled as a q-Gaussian distribution with q = 2.6 and
σ = 30◦ which we consider to provide the best ﬁt to Voyager 2 data.
In Figure 4.12 we display the simulated PDF of the magnetic ﬁeld magnitude
upstream (83.8 AU) and downstream (84.16 AU) of the SWTS located at 84 AU.
The PDFs are modeled as log-normal distributions as suggested by Voyager 2
observations (Burlaga et al., 2007). Upstream (Figure 4.12(a)), the mean value of
magnetic ﬁeld strength is calculated to be �B1 � � 0.04 nT based on the Parker ﬁeld
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model which agrees well with the observed value of �B1 � � 0.041 nT Burlaga et al.
(2007), and the standard deviation of the ﬁeld strength is varied using the values
σlogn = σ1 = 0.015 nT, 0.030 nT, and 0.007 nT. In Figure 4.12(b) we show the
simulation results for the magnetic ﬁeld strength PDF behind the SWTS. The
downstream mean magnetic ﬁeld strength is speciﬁed to be �B2 � � 0.116 nT, and
σlogn is assumed to be σlogn = σ2 = 0.026 nT, 0.044 nT, and 0.013 nT. The value for
�B2 � is higher than the Voyager 2 value observed downstream (�B2 � � 0.088 nT)
because in our model the SWTS compression ratio s � 2.9 based on the MHD jump
conditions. Based on Voyager 2 observations, the best values for σlogn are σ1 = 0.015
nT upstream and σ2 = 0.026 nT downstream (Burlaga and Ness, 2009; Burlaga
et al., 2007). The PDFs associated with these best ﬁtting σ-values are presented
separately in Figure 4.12(c).
In Figure 4.13 we show the variation in accelerated pickup proton spectra
downstream in response to diﬀerent widths (standard deviations) of the log-normal
PDF for the magnetic ﬁeld strength upstream (σ1 ) and downstream (σ2 ) as reported
in Figure 4.12. The accelerated pickup ion spectra in Figure 4.13(a) were calculated
by keeping the width ﬁxed at σ1 = 0.015 nT upstream, but varying the downstream
width to have the values σ2 = 0.026 nT (blue), σ2 = 0.044 nT (red), and σ2 = 0.013
nT (green). The fact that the accelerated pickup ion spectra fall on top of each
other implies that DSA at the SWTS is insensitive to variations in σ2 . In Figure
4.13(b) we specify σ2 = 0.026 nT while varying σ1 to be σ1 = 0.015 nT (blue), σ1 =
0.03 nT (red), and σ1 = 0.007 nT (green). In this case, the rate of DSA increases
with increasing values of σ1 . This can be understood by remembering that we
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Figure 4.13: (a) The calculated 33-day averaged diﬀerential intensity J(E) of accelerated pickup protons in arbitrary units as a function of kinetic energy in MeV
for a q-Gaussian distribution of magnetic spiral angles (q = 2.6 and σ = 30◦ ) and
a log-normal distribution for the magnetic ﬁeld strength. (a) The width (standard
deviation) of the log-normal distribution is ﬁxed upstream at σ1 = 0.015 nT but is
varied downstream to be σ2 = 0.026 nT (blue), σ2 = 0.044 nT (red), and σ2 = 0.013
nT (green). The spectra are shown downstream at 84.16 AU (the SWTS is at 84
AU). (b) as (a), but downstream σ2 is ﬁxed at σ2 = 0.026 nT whereas upstream σ1
is varied to be σ1 = 0.015 nT (blue), σ1 = 0.03 nT (red), and σ1 = 0.007 nT (green).
The vertical blue line indicates the minimum injection speed for pickup ions when
�ψ1 � ≈ 89◦ . The black dashed line represents the slope of a power-law spectrum
J(E) ∝ E −k where k = 1.29 according to standard DSA theory when the SWTS
compression ratio is s ≈ 2.9.

2
, on average. In
assume Dµµ (t) ∝ δB 2 (t) = (B(t) − �B�)2 . Therefore, �Dµµ � ∝ σlogn

� �
2
because κ� ∝ 1/Dµµ according to quasi-linear
then follows that κ� ∝ 1/σlogn

theory for Alfvén waves (Schlickeiser, 1989). Based on our model for the average
� ��
�
2
2
radial diﬀusion coeﬃcient at the SWTS, �κrr � � κ� sin2 δψ ∝
∼ σψ /σlogn , where σψ
is the standard deviation of the magnetic spiral angle ﬂuctuations. Given that the

average time scale for DSA is τacc ∝ �κrr1 � /U1 + �κrr2 � /U2 (see equation (4.22)), it
follows that the results of Figure 4.13(b) can be explained if �κrr1 � � �κrr2 � (strong
2
downstream turbulence) because then τacc ∝
∼ �κrr1 � /U1 ∝
∼ 1/(U1 σ1 ) (σlogn = σ1 ) and

a larger value for σ1 means a faster rate for DSA.
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Figure 4.14: The calculated pitch angle-averaged accelerated pickup proton distributions f (r) averaged over ∼ 33 days in arbitrary units as a function of radial
distance from 83.5 AU to 88.7 AU across the SWTS at 84 AU. The distributions are
normalized to a value of 1 at peak values of f (r). From left to right, the energetic
pickup proton energy is 10 keV, 100 keV and 1 MeV, respectively. For all curves the
characteristic values of the q-Gaussian PDF of magnetic spiral angles are ﬁxed at q
= 2.6, and σ = 30◦ . In the top row σ2 , the downstream width (standard deviation)
of the log-normal PDF of the magnetic ﬁeld strength, is varied to be σ2 = 0.026 nT
(blue), 0.044 nT (red), and 0.013 nT (black) whereas upstream σ1 = 0.015 nT. In
the bottom row σ1 is varied to be σ1 = 0.015 nT (blue), 0.03 nT (red), and 0.007 nT
(black) whereas σ2 is ﬁxed at σ2 = 0.026 nT.

Figure 4.14 shows 33-day averages of the calculated pitch-angle averaged,
accelerated pickup proton distributions f (r) in arbitrary units as a function of
radial distance from 83.5 AU to 88.7 AU across the SWTS at 84 AU for diﬀerent
particle kinetic energies (10 keV, 100 keV and 1 MeV). Results are presented for
diﬀerent widths (standard deviations) σlogn of the log-normal PDF of the magnitude
upstream and downstream as speciﬁed in Figure 4.12. As in Figure 4.12, the
q-Gaussian PDF of variations in the magnetic ﬁeld spiral angle has the ﬁxed values
q = 2.6, and σ = 30◦ (best ﬁt to Voyager 2 data). The curves in the plots in the top
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row of Figure 4.14 (Figures 4.14(a), (c), (e)) were calculated by varying the
downstream width (standard deviation) σlogn = σ2 of the log-normal PDF of the
magnetic ﬁeld strength (σ2 = 0.013 nT, 0.026 nT, 0.044 nT) keeping the upstream
PDF width ﬁxed at σ1 = 0.015 nT. The curves in the plots of the bottom row of
Figure 4.14 (Figures 4.14(b), (d), and (f)) were simulated by changing the upstream
width σlogn = σ1 (σ1 = 0.007 nT, 0.015 nT, 0.03 nT) while keeping σ2 ﬁxed at 0.026
nT. Comparison of the ﬁgures in the top and bottom rows reveals that f (r) is
sensitive to changes in σ1 and depend only weakly on variations in σ2 . Thus, in the
bottom row of Figure 4.14 the smallest relative radial gradients in f (r) occur ahead
of the SWTS (r < 84 AU) for the largest σ1 -values, because the average eﬀective
radial diﬀusion coeﬃcient �κrr1 � /U1 ∝ 1/(U1 σ12 ).
In Figure 4.15 we display 33-day averages of the simulated accelerated pickup
proton pitch-angle distributions f (µ) in the solar wind frame normalized to a value
of 1 at the peak values of f (µ). Red curves represent 10 keV, blue curves 100 keV,
and green curves 1 MeV. Upstream pitch-angle distributions at 83.84 AU (SWTS is
at 84 AU) are shown in the top row. These distributions were calculated with a
downstream standard deviation of σlogn = σ2 = 0.026 nT for the magnetic ﬁeld
magnitude log-normal distribution considering variations in the upstream standard
deviations σlogn = σ1 (σ1 = 0.015 nT in Figure 4.15(a), σ2 = 0.03 nT in Figure
4.15(b), and σ1 = 0.007 nT in Figure 4.15(c)). In the bottom row, downstream
pitch-angle distributions are displayed at 84.16 AU for σ1 = 0.015 nT and diﬀerent
values of σ2 (σ2 = 0.026 nT in Figure 4.15(d), σ2 = 0.044 nT in Figure 4.15(e), and
σ2 = 0.013 nT in Figure 4.15(f)). Comparing Figures 4.15(a)-4.15(c), we ﬁnd that
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the upstream pitch-angle anisotropy (ξ-value) decrease when σ1 is increased. That
2
. Increasing σ1 means stronger
is because in our model �Dµµ � ∝ �δB 2 � = σlogn

pitch-angle scattering upstream, which reduces the pitch-angle anisotropy. In Figure
4.15(c), where σ1 is smallest, the accelerated pickup ion pitch-angle distribution
varies from beam-like (10 keV) to a “pancake” distribution (100 keV and 1 MeV).
We think that the pancake distribution occurs upstream at higher particle energies
because accelerated pickup ions are magnetically reﬂected back upstream by the
gradient in the magnetic ﬁeld that exists across the SWTS. However, at low energies
only pickup ions that propagate the fastest along the magnetic ﬁeld in the sunward
direction (those pickup ions with µ ≈ −1) can stay ahead of the SWTS. This limits
the possibility of magnetic reﬂection of pickup ions so that the pancake distribution
is replaced by a beam-like distribution. The pancake distributions are not seen in
the results for larger σ1 -values (Figure 4.15(a) and 15(b)). This indicates that
stronger levels of pitch-angle scattering smear out the signature of magnetic
reﬂection, but not the tendency of upstream beam formation which requires
stronger levels of pitch-angle scattering to be erased. We do not show upstream
pitch-angle distributions as a function of σ2 , because we ﬁnd that those
distributions are insensitive to σ2 variations. Thus, pitch-angle distributions are
determined mainly by local variations in the ﬁeld strength. Consistent with this,
our calculations also show that downstream pitch-angle distributions are mainly
controlled by variations in σ2 . The results are displayed in the second row of Figure
4.15. Diﬀerent from upstream, the downstream pitch-angle distributions show no
sign of forming beam-like distributions. Pickup ions following the magnetic ﬁeld can
99

easily propagate against solar wind ﬂow for most pitch angles given the reduced
downstream solar wind speed. Instead, we see pancake distributions forming
downstream as pickup ions originally magnetically reﬂected upstream arrive
downstream while still carrying the signature of reﬂection. The pancake
distributions are more well established at higher pickup ion energies in Figures
4.15(d)-4.15(f) because magnetic reﬂection back upstream is more probable for high
energy particles who spend a larger fraction of their time with v > Vinj (t) (the
minimum speed particles need to stay ahead of the SWTS when following the
magnetic ﬁeld). We also ﬁnd that the downstream pancake distributions are more
pronounced when σ2 is smaller and pitch-angle scattering is weaker (�Dµµ � ∝ σ22 ).
Then, pitch-angle scattering is less able to erase the signature of magnetic reﬂection
(compare Figure 4.15(f) where σ2 is small to Figures 4.15(d) and 4.15(e) where σ2 is
larger).

4.4

Summary and Conclusions
We studied the physics of the DSA of interstellar pickup protons at the

SWTS in the presence of an intermittent, turbulent heliospheric magnetic ﬁeld that
varies on a time scale larger than a gyroperiod, which is the characteristic time scale
of gyroresonant wave-particle interactions. We focused on two aspects of the
magnetic ﬁeld: (i) Time variations in the spiral angle of the magnetic ﬁeld which we
modeled as a q-Gaussian distribution, and (ii) time variations in the magnetic ﬁeld
strength that were modeled as a log-normal distribution. Modeling of the ﬁeld
direction and strength as non-Gaussian was motivated by our and others analysis of
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Figure 4.15: Accelerated pickup proton distributions f (µ) in the solar wind frame
averaged over ∼ 33 days as a function of µ. Shown in the top row are pitch-angle
distributions just upstream of the SWTS at 83.84 AU (SWTS is at 84 AU), and in
the bottom row pitch-angle distributions just downstream at 84.16 AU. For all curves
a q-Gaussian distribution of magnetic ﬁeld spiral angles are speciﬁed with q = 2.6
and σ = 30◦ . In the top row the standard deviation of the downstream PDF of
magnetic ﬁeld strength ﬂuctuations is ﬁxed at σlogn = σ2 = 0.026 nT whereas the
upstream standard deviation σlogn = σ1 is σ1 = 0.015 nT in (a), σ1 = 0.03 nT in (b)
and σ1 = 0.007 nT in (c). In the bottom row σ1 = 0.015 nT, σ2 = 0.026 nT in (d),
σ2 = 0.044 nT in (e), and σ2 = 0.013 nT in (f). Red curves are valid for 10 keV, blue
curves for 100 keV, and green curves for 1 MeV. ξ-values indicate the magnitude of
the pickup ion pitch-angle anisotropies calculated at diﬀerent particle kinetic energies.
ξ varies between 0 (isotropy) and 1 (beam) and is expressed in equation (4.23).

Voyager 2 magnetic ﬁeld data near the SWTS. Diﬀerent shapes (q-values) and
width (σ-values) of the q-Gaussian distribution of magnetic ﬁeld spiral angle
variations and diﬀerent standard deviations (σlogn -values) of the log-normal
distribution of the magnetic ﬁeld strength were considered to probe the role of the
turbulent magnetic ﬁeld. These time variations were introduced into our existing
focused transport model for energetic particle acceleration at heliospheric shocks
(e.g., le Roux and Webb, 2009, 2012; le Roux et al., 2007) taking advantage of the
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strength of focused transport theory in modeling pitch-angle distributions of
arbitrary size. This is especially advantageous for modeling beam-like distributions
(particle injection into DSA at low energies, and particle escape from shocks), and
pancake distributions (magnetic particle reﬂection at shocks).
As regards to how the shape (q-value) of the q-Gaussian PDF of the
magnetic spiral angle aﬀects pickup ion DSA at and transport in the vicinity of the
SWTS we found: (i) The eﬃciency of DSA is only weakly dependent on the shape
of the spiral angle PDF. Nonetheless, DSA of pickup ions is more eﬃcient when the
q-value is increased (PDF is more strongly non-Gaussian). The reason is that small
angle variations in the spiral angle in the vicinity of ∼ 10◦ is signiﬁcantly more
probable for large q-values, thus making strong reductions in the minimum injection
speed into DSA (Vinj ) more probable. When injection of low-energy pickup ions
occurs more frequently, DSA is a more continuous process and pickup ions are
accelerated to higher energies. (ii) The intensity spike that is produced at the
SWTS due to magnetic reﬂection of pickup ions back upstream by the magnetic
ﬁeld gradient across the SWTS shows a relative increase at higher pickup ion
energies. This can be attributed to that magnetic reﬂection occurs more
sporadically at lower energies since these particles are less able to stay continuously
above the reﬂection threshold which is determined by the ﬂuctuating minimum
injection speed Vinj (t) ∝ 1/ cos ψ1 (t). (iii) The radial variation in the accelerated
pickup ion distributions upstream and downstream of the SWTS were likewise
found to depend weakly on the shape of the spiral angle PDF, but discernible trend
could be identiﬁed.
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The main results of how varying the width (σ-value) of the q-Gaussian PDF
of variations in the spiral angle aﬀect DSA and transport of pickup ions at the
SWTS were: (i) More eﬃcient DSA occurred for a narrower PDF (smaller σ-value).
Again, there was a higher probability of smaller angle variations of ∼ 10◦ that was
responsible for strongly reduced values of Vinj . Thus, pickup protons at lower
energies were injected more continuously into DSA, which resulted in DSA being a
less sporadic process. In addition, for a smaller σ-value the mean radial diﬀusion
�
�
coeﬃcient at the SWTS was reduced (�κrr � � κ� sin2 δψ � κ� σ 2 ), thus enhancing

the eﬃciency of DSA (the characteristic time scale for DSA τacc ∝ �κrr �). (ii) We
found that the radial proﬁles of the accelerated pickup ion distributions showed
more volatility for smaller σ-values because the higher probability of small

deviations in the spiral angle of � 10◦ resulted in a minimum injection speed Vinj
that was high more often. Thus, injection of pickup ions into DSA was more
sporadic which contributed to the volatility. Upstream, relative gradients in the
accelerated pickup ion radial distribution were reduced for smaller σ-values because
the eﬀective mean radial diﬀusion length scales according to �κrr1 � /U1 � κ� σ 2 /U1 .
(iii) Upstream pitch-angle distributions exhibited a beam-like distributions with
decreased anisotropy when σ was increased because the mean minimum injection
speed �Vinj � decreased. Consequently, the probability of pickup ions staying ahead
of the SWTS for a broader range of pitch angles improved (beam broadening). This
eﬀect leveled oﬀ when increasingly larger σ-values were speciﬁed because the
averaged radial scattering mean free path weakened (�κrr � � κ� σ 2 ), which made it
easier for beam-like distributions to be maintained. For small σ-values at low pickup
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ion energies the typical upstream beam-like distributions gave way to pancake
distributions because Vinj was often high so that these particles were most of the
time too slow to stay ahead of the SWTS for all pitch angles.
We also discovered interesting results for DSA of pickup ions at the SWTS
when Dµµ (pitch-angle scattering coeﬃcient for gyroresonant interaction of pickup
ions with parallel propagating Alfvén waves) were modeled to ﬂuctuate statistically
on times scales larger than a gyroperiod. Strong ﬂuctuations were generated in Dµµ
2
strongly by assuming that �Dµµ � = Dµµ σlogn
since only weak ﬂuctuations were

deduced from theoretical considerations. The ﬁeld strength ﬂuctuations were
modeled as a log-normal distribution in accordance with Voyager 2 observations
near the SWTS (Burlaga and Ness, 2009; Burlaga et al., 2007). The main results
were: (i) Increasing the standard deviation σlogn of the PDF of magnetic ﬁeld
strength ﬂuctuations upstream of the SWTS (σlogn = σ1 ) resulted in more eﬃcient
DSA, whereas DSA was insensitive to changes in the downstream standard
2
deviation (σlogn = σ2 ). This can be attributed to �Dµµ � ∝ σlogn
. Therefore, because
2
, the characteristic time scale
the average radial diﬀusion coeﬃcient �κrr � ∝ 1/σlogn

for DSA became τacc ∝ �κrr1 � /U1 + �κrr2 � /U2 . Thus, more eﬃcient DSA for
2
increasing σ1 occurred because �κrr1 � � �κrr2 �, because then τacc ∝
∼ 1/(U1 σ1 ). (ii)

Likewise, we found that the radial proﬁles of pickup proton distributions accelerated
at the SWTS were modiﬁed only when σ1 was varied. The relative radial gradients
of accelerated pickup protons upstream of the SWTS became smaller when σ1 was
increased because the average eﬀective radial diﬀusion coeﬃcient
�κrr1 � /U1 ∝ 1/(U1 σ12 ). (iii) The results show that the typically beam-like upstream
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pitch-angle distributions of pickup protons undergoing DSA became less anisotropic
in the solar wind frame (broadened beam-like distributions) when σ1 was increased
because �Dµµ1 � ∝ σ12 (stronger pitch-angle scattering). At small σ1 -values, upstream
pickup ion pitch-angle distributions were transformed from beam-like distributions
at low energies to pancake distributions at higher energies generated by magnetic
reﬂection of pickup ions by the magnetic ﬁeld gradient across the SWTS. At higher
energies this signature of magnetic reﬂection survived in the pitch-angle distribution
because it overcome the weakened trend towards formation of beam-like
distributions and pitch-angle scattering was to weak erase the magnetic reﬂection
signature. Downstream, accelerated pickup ion pitch-angle distributions also showed
pancake distributions from magnetically reﬂected pickup ions that were advected
through the SWTS. The pancake distributions became more pronounced when σ2
was reduced (�Dµµ2 � ∝ σ22 ) because the weaker pitch-angle scattering were less able
to erase the signature of magnetic reﬂection. No beam-like distributions were found
for accelerated pickup ions behind the SWTS because pickup ions were more able to
propagate against the slower downstream solar wind.
In conclusion, we have demonstrated that the injection of locally born
interstellar pickup ions into DSA at the SWTS, DSA by the SWTS, radial transport
of accelerated pickup ions ahead of the SWTS, and the solar wind frame pitch-angle
distributions of accelerated pickup ions both sides of the SWTS depend signiﬁcantly
on the statistics of the turbulent magnetic ﬁeld, observed to be intermittent
(non-Gaussian) at the SWTS. This is true for both the statistics of the variations in
the magnetic ﬁeld spiral angle and variations in the magnetic ﬁeld strength
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(assuming that Dµµ (t) ∝ δB 2 (t)) where their standard deviations played a major
role. In the case of ﬂuctuations in the spiral angle, the dependence on the standard
deviation (width) of the spiral angle PDF was found to be stronger than
dependence on the shape of the PDF, that is, whether the PDF is Gaussian or
non-Gaussian. Nonetheless, a more strongly non-Gaussian PDF did produce
somewhat more eﬃcient DSA.
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CHAPTER 5

A FOCUSED TRANSPORT APPROACH TO INTERSTELLAR
PICKUP ION ACCELERATION BY A TURBULENT SOLAR WIND
TERMINATION SHOCK STRUCTURE

5.1

Overview
The Voyager 2 spacecraft crossed the SWTS in August 2007 (Stone et al.,

2008). The observations of Voyager 2 show that the spacecraft crossed the SWTS at
least 5 times between 2007/242.14 and 2007/244.80 (Burlaga et al., 2008a).
Additional crossings might have occurred given the gaps in the Voyager 2
observations. The Voyager 2 SWTS crossings revealed a highly time-dependent
shock structure that yielded diﬀerent values for the compression ratio (∼ 2.4 for the
second crossing and ∼ 1.6 for the third crossing) (Burlaga et al., 2008b; Richardson
et al., 2008). The multiple crossings indicate that the SWTS is not stationary. It
may move back and forth caused by ripples propagating along the SWTS. As a
result, the compression ratio of the SWTS is not a constant value. The observed
variation in the SWTS structure suggests that it is evolving according to a shock
reformation process. For example, whereas the magnetic strength time proﬁle for
the third crossing exhibits the classical shock structure of a supercriticle
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quasi-perpendicular shock (foot, ramp, and overshoot), the fourth crossing ∼ 2.7 h
later shows a smaller overshoot with a narrow peak in the foot region that are
expected to form a new shock ramp (Burlaga et al., 2008b). Burlaga et al. argues
that the Voyager 2 results are consistent with an intermittent cyclic reformation
process predicted by hybrid and full particle simulations at quasi-perpendicular
supercritical shocks to occur on the characteristic time scale of a downstream
gyroperiod (Lembege and Savoini, 1992; Scholer et al., 2003a). This led to renewed
interest in trying to understand how interstellar pickup ions are accelerated by the
SWTS and the formation of the anomalous cosmic-ray component. The focus in this
paper is on studying the DSA of locally born interstellar pickup protons at SWTS
in response to a SWTS whose compression ratio ﬂuctuates intermittently with time
using Voyager 2 observations as a guide.
Leroy et al. (1982) performed one dimensional (1D) hybrid simulations for a
perpendicular bow shock. They found the bow shock structure to be
quasi-stationary at moderately high ion plasma beta values (βi ∼ 1). However, in
the low ion plasma beta and high Mach number regime (βi ∼ 0.1, MA > 8) the
shock structure becomes more dynamic. Lembege and Dawson (1987) simulated
particle acceleration with 1D full particle simulations of a supercritical
perpendicular collisionless and nonresistive shock. The simulation revealed that
high Mach number collisionless shocks are not always steady. The shock front can
collapse and redevelop shock reformation. This process is due to the fact that part
of the upstream ions are reﬂected at the shock front and are responsible for the
formation of a foot. Lembege and Savoini (1992) investigated particle acceleration
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using 2D full particle model simulations of supercritical perpendicular shocks. They
found that there exist a critical angle θr , which depends on the plasma and shock
conditions, so that shock reformation and nonstationarity are limited to shock
obliquity values θr < θBN < 90◦ .
There are diﬀerent reasons for shock reformation. One possible explanation
is ion reﬂection at shocks. When the density of reﬂected ions is large enough, the
magnetic ﬁeld of the foot region becomes a new shock ramp and reﬂects ions itself,
resulting in the decay of the previous ramp (Lembege and Dawson, 1987; Leroy,
1983). Another explanation involves wave-particle interactions. Matsukiyo and
Scholer (2003) investigated the modiﬁed two-stream (MTS) instability driven by the
relative drift between electrons and ions across the magnetic ﬁeld. Shock
reformation may occur due to the MTS instability if the majority of ions is trapped
by generated waves within an ion gyroperiod. Finally, Krasnoselskikh et al. (2002)
argued that the shock reformation at quasi-perpendicular shocks was associated
with the nonlinear whistler wave being no longer balanced by the eﬀects of the
dispersion and dissipation.
In previous publications we used our focused transport model to investigate
how the injection, DSA, and transport of locally born interstellar pickup ions at the
SWTS are aﬀected by local magnetic turbulence. We studied the role of statistical
time variations in the solar wind magnetic ﬁeld spiral angle (Arthur and le Roux,
2013; le Roux and Webb, 2009) which we more recently modeled in terms of a
q-Gaussian distribution, and we also explored the role of statistical time variations
in the solar wind magnetic ﬁeld strength modeled as a log-normal distribution (see
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Chapter 4 and Ye et al. 2016). This was done to capture the eﬀect of intermittent,
non-Gaussian magnetic ﬁeld turbulence as observed by Voyager 2 near the SWTS.
Further insights were gained by theoretically varying the statistical properties of the
ﬁeld angle and strength. The results showed that interstellar pickup ion acceleration
and transport at the SWTS depend signiﬁcantly on the statistical properties of both
the magnetic ﬁeld spiral and the ﬁeld strength, especially the standard deviation. In
the case of the ﬁeld strength ﬂuctuations signiﬁcant eﬀects were simulated by
assuming that pitch-angle scattering of accelerated pickup ions depend strongly on
ﬂuctuations in the ﬁeld strength, an assumption that was not theoretically
explained. In the case of the spiral angle ﬂuctuations the results of pickup ion
injection, DSA, and transport at the SWTS depended more strongly on the
standard deviation than on the level of non-Gaussianity of the angle distribution.
In this chapter we expand our study of how turbulent plasma conditions in
the vicinity of the SWTS aﬀect the acceleration of locally born pickup ions by also
including statistical time variations in the SWTS compression ratio in our focused
transport model which, as discussed above, might be related to shock reformation
cycle eﬀects. The SWTS compression ratio is modeled as a truncated q-Gaussian
distribution that ﬁts the Voyager 2 spacecraft observations of the ﬂuctuations in
ratio of upstream and downstream thermal proton density in the vicinity of SWTS.
Both the standard deviation (width) and the level of non-Gaussianity (shape) of the
q-Gaussian distributions of the compression ratio are varied to study the sensitivity
of the injection and DSA of locally born pickup ions to the statistical properties of
SWTS compression ratio.
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In section 5.2, we describe the numerical method we use to generated
statistical variations in the SWTS compression ratio. In section 5.3 we present the
main results of our simulations of DSA of pickup ions when the SWTS has a
ﬂuctuating compression ratio. This is followed by section 5.4 in which we summarize
the main results and discuss the implications of our work.

5.2

The Statistical Model for the Fluctuating Solar Wind Compression
Ratio
Given the limited number of crossings of the SWTS by Voyager 2, the

statistical properties of the SWTS structure are not well known. Instead, we use
Voyager 2 observations of the solar wind density in the vicinity of the SWTS as
guide to construct artiﬁcially distribution functions of the SWTS compression ratio.
The simulated probability density functions (PDFs) for the compression ratio may
not yield a realistic reproduction of the statistics of the SWTS compression ratio,
but enable us to investigate DSA of locally born interstellar pickup ions for an
intermittently ﬂuctuating SWTS structure. This is accomplished by varying the
statistics of the PDF of the SWTS compression ratio theoretically with respect to
the statistics determined from the observed density variations. Based on Voyager 2
observations in the vicinity of the SWTS during 2007, we ﬁnd that the statistics of
the upstream solar wind proton density ρ1 is simulated best in terms of a
q-Gaussian distribution. The q-Gaussian distribution is characterized by a q-value
that determines the shape of the q-Gaussian distribution and standard deviation
σ = σ̄q which controls the width of the distribution for a ﬁxed q-value. For more
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information about the q-Gaussian distribution and its connection to statistical
mechanics, see Burlaga and Viñas (2005). The q-Gaussian distribution is related to
a kappa distribution by q = 1 + 1/κ, which is often used in space physics to ﬁt
observations. When q = 1 (κ → ∞), the q-Gaussian distribution becomes the
normal (Gaussian) distribution. Increasing q (decreasing κ) results in the PDF
developing a sharp peak and strong tail. This is useful for capturing the observed
intermittent occurrence of large deviations of the density from the mean value ahead
of the SWTS. We ﬁnd that the values µ = 0.0011 cm−3 , q = 1.3, and σ = 0.0003
cm−3 produce the best ﬁt of the q-Gaussian distribution to Voyager 2 one hour
averages (see the website http://omniweb.gsfc.nasa.gov/coho/) of the upstream
proton density ρ1 observed during 2007 in the vicinity of the SWTS. The
q-Gaussian distribution function for ρ1 is generated with a random number
generator according to the Box-Müller Method (Thistleton et al., 2007).
To best capture the statistics of downstream proton density time variations
ρ2 (t) according to one hour averages of Voyager 2 observations near the SWTS (see
the website http://omniweb.gsfc.nasa.gov/coho/), we needed a log-normal
distribution ﬁt to the data. For this purpose the Box-Müller Method (Thistleton
et al., 2007) can also be used. A log-normal distribution is a continuous probability
distribution of a random variable whose logarithm is normally distributed. Given a
log-normally distributed random variable X and two parameters µ and σ that are,
respectively, the mean and standard deviation of the variables of the normal
(Gaussian) distribution, then the logarithm of X is normally distributed, because
X = eµ+σZ with Z a standard normal variable. Then the mean value µ̄logn and
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2
variance σlogn
of the log-normal distribution have the expressions

1

2

µ̄logn = �X� = eµ+ 2 σ ,
�

2
= (X − µ̄logn )
σlogn

�
2

(5.1)
= (e

σ2

− 1)e

2µ+σ 2

.

To generate a given log-normal distribution, we ﬁrst specify the associated values for
2
to solve the two coupled equations in (5.1) for µ and σ. By specifying
µ̄logn and σlogn

q = 1 in our q-Gaussian model (see equation (3.2)−(3.7)), we can produce a normal
(Gaussian) distribution of Z-values. Inserting the Z-values in X = eµ+σZ then
generates the log-normal distribution of X-values. To ﬁt a log-normal distribution
to the downstream proton density variations in the Voyager 2 observations, we need
to specify a mean value �ρ2 � = µ̄logn = 0.00218 cm−3 and a standard deviation σlogn
= 0.001 cm−3 . By specifying these values in equation (5.1), we calculate the mean
value and standard deviation of the normal variable Z as µ = −6.22 and σ = 0.44.
Therefore we can model the log-normal distribution as X = e−6.22+0.44Z by using the
q-Gaussian model to generate Z-values assuming q = 1.
Finally, to model the shock compression ratio s = ρ2 /ρ1 of the SWTS, we
randomly select values from the upstream proton density ρ1 modeled as q-Gaussian
distribution with µ = 0.0011 cm−3 , q = 1.3, and σ = 0.0003 cm−3 , and from the
downstream density ρ2 modeled as a log-normal distribution with µlogn = 0.00218
cm−3 , and σlogn = 0.001 cm−3 , to calculate the ratio of ρ2 /ρ1 . We conclude that the
resulting shock compression ratio statistics can be described as a truncated
q-Gaussian distribution with µ = 1.66, q = 1.9, and σ = 0.621 restricted to physical
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values 1 ≤ s ≤ 4. Thus, �s� � 2 > µ = 1.66. It is interesting that �s� � 2
corresponds well with the mean compression of �s� � 2 determined from the
Voyager 2 SWTS crossings as discussed in the Overview. To model how changes in
the statistics of s aﬀect pickup ion acceleration at the SWTS, we specify µ = 1.66,
σ = 0.621, and vary q to be q = 1, 1.9, 2.9 or let µ = 0.62, q = 1.9 and vary σ to be
σ = 0.31, 0.62, 1.24. We follow two approaches to reproduce the simulated shock
compression ratio PDF as a time series in our focused transport model. One is
keeping the upstream ﬂow speed constant at 400 km/s, varying the downstream
ﬂow speed as U2 = U1 /s(t) in the range 100 to 400 km/s, and the other one is ﬁxing
the downstream ﬂow speed at 200 km/s, varying the upstream ﬂow speed as
U1 = U2 s(t) between 200 to 800 km/s. Thus, we are investigating the eﬀect of
ﬂuctuating SWTS compression ratio on locally born pickup ion injection and DSA
in 2 extreme limits: (i) Where s(t) is dominated by U1 variations, and (ii) where
s(t) depends mostly on U2 (t). In this way, one can investigate whether upstream or
downstream ﬂuctuations in the solar wind speed play the most important role.
The magnetic ﬁeld spiral angle is deﬁned according to the standard
expression
tan ψ =

r sin ΘΩs
,
U

(5.2)

where Θ is the heliospheric polar angle measured relative to the solar rotation axis
and Ωs is the angular speed of solar rotation. Since our modeled SWTS is spherical,
the upstream spiral angle ψ1 = θBN , where θBN is the shock obliquity angle of the
SWTS. The magnetic spiral angle ψ(t) is decomposed as ψ(t) = �ψ� + δψ(t), where
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�ψ� is the mean spiral angle which is ∼ 89◦ according to equation (5.2), and δψ(t)
represents statistical time variations in ψ (θBN ) near the SWTS. The statistics of
δψ(t) is modeled numerically as a q-Gaussian distribution (see equation (3.2)-(3.7))
and the values q = 2.6, and σ = 30◦ best ﬁts the Voyager 2 one hour averages (see
the website http://omniweb.gsfc.nasa.gov/coho/) of ψ(t) observed during 2007
in the vicinity of the SWTS is applied to the code. The q-Gaussian distribution
function for δψ is generated in the same way as shock compression ratio s (for more
information, see Chapter 4 and Ye et al. (2016)). The values for q and σ indicate
that the statistics of δψ near the SWTS is strongly non-Gaussian so that there is a
strong presence of large intermittent jumps in the spiral angle or shock obliquity
(for more details, see Chapter 4 and Ye et al. (2016)). Thus, the minimum injection
threshold into DSA, deﬁned as the minimum ﬁeld-aligned speed needed for pickup
ions to stay ahead of the SWTS, ﬂuctuates according to the expression
Vinj (t) = U1 / cos ψ1 (t) = U1 / cos θBN (t). In our spherically-symmetric focused
transport model the spatial diﬀusion coeﬃcient in the SWTS normal direction is the
radial diﬀusion coeﬃcient symbolized by κrr . A consequence of the Dµµ -term in our
model is that only parallel diﬀusion along the local magnetic ﬁeld direction occurs.
Combined with the fact that the SWTS is nearly perpendicular, on average, κrr is
approximately equal to a perpendicular diﬀusion coeﬃcient κ⊥ determined by
parallel diﬀusion along the wandering magnetic ﬁeld given by
κrr (t) � κ⊥ (t) � κ� sin2 δψ(t) that ﬂuctuates in time in response to ﬂuctuations in
the ﬁeld direction (see discussion in Chapter 4 and in Ye et al. (2016)). We
estimated in Chapter 4 that the contribution of cross-ﬁeld scattering to κrr = κ⊥ is
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negligibly small so that its neglect in our model can be justiﬁed (Ye et al. 2016).
Both Vinj and κrr are ﬂuctuation variables whose statistics have signiﬁcant impact
on injection into DSA and the eﬃciency of DSA. The results in Chapter 4 and in Ye
et al. (2016) show that the level of ﬁeld-line meandering observed near the SWTS
by Voyager 2 is suﬃcient for locally born interstellar pickup ions to experience
sporadic injection that results in eﬃcient DSA.
Fluctuations in Dµµ are modeled assuming that
Dµµ (t) ∝ δB 2 (t) = (B(t) − �B�)2 as is discussed in Chapter 4 and in Ye et al.
(2016), we are unable to justify this assumption theoretically, because we ﬁnd that
Dµµ is only weakly dependent on δB. We assume that Dµµ (t) ∝ δB 2 (t) for the
purpose of generating strong ﬂuctuations in Dµµ to see how such ﬂuctuations aﬀect
the DSA of pickup ion at the SWTS. Magnetic ﬁeld strength variations are modeled
as a log-normal distribution with �B� = 0.088 nT, σlogn = 0.026 nT downstream of
the SWTS (Burlaga and Ness, 2009), and �B� = 0.041 nT, σlogn = 0.015 nT
upstream (Burlaga et al., 2007) following the same numerical approach discussed in
Chapter 4 and in Ye et al. (2016).

5.3

DSA of Pickup Ions at a Solar Wind Termination Shock with a
Fluctuating Compression Ratio
We present simulation results that show how the injection and acceleration of

locally born interstellar pickup ions at the SWTS is aﬀected by the statistics of time
variations in the shock compression ratio when combined with the statistics of
magnetic ﬁeld-line meandering near the SWTS. More speciﬁcally, we study in
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Section 5.3.1 how changing the shape (q-value) and in Section 5.3.2 how the width
(σ) of the q-Gaussian PDF of time variations in the shock compression ratio have an
impact on these issues. In Section 5.3.3 we study the eﬀect of adding statistical
ﬂuctuations in the pitch-angle scattering coeﬃcient Dµµ . For all simulations we
include a modiﬁed q-Gaussian distribution of magnetic ﬁeld spiral angle variations
δψ with parameters q = 2.6, and σ = 30◦ , (best ﬁt of Voyager 2 observations of
magnetic ﬁeld angle variations in the vicinity of the SWTS during 2007).

5.3.1

How the shape (q-value) of the SWTS compression ratio PDF
aﬀects DSA
First, we discuss how changing the shape (q-value) of the modiﬁed q-Gaussian

PDF of time variations in the SWTS compression ratio s aﬀect interstellar pickup
ion acceleration at the SWTS when the standard deviation or width σ of the PDF is
ﬁxed. In Figure 5.1(a) the plot with open circles represents the PDF of Voyager 2
solar wind proton density data upstream of the SWTS, whereas the red curve is the
best q-Gaussian distribution ﬁt to the data which required µ = 0.0011 cm−3 ,
q = 1.3, and σ = 0.0003 cm−3 . Since q = 1 refers to a Gaussian distribution, q = 1.3
(κ � 3.33) indicates non-Gaussian statistics for the upstream solar wind density
variations. In Figure 5.1(b) the open circled curve display the PDF of Voyager 2
solar wind proton density data downstream of the SWTS, whereas the red curve is
the best log-normal distribution ﬁt to the data which required µlogn = 0.00218 cm−3 ,
and σlogn = 0.001 cm−3 . A log-normal distribution ﬁt is needed because of the
asymmetric shape of the downstream density distribution. Based on the PDFs of
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the observated proton density both upstream and downstream of the SWTS, we
randomly pick pairs of upstream and downstream proton density values to calculate
a distribution of compression ratios s = ρ2 /ρ1 . After 500,000 estimates of s, we
concluded that the PDF of the shock compression ratio can be best ﬁtted by a
truncated q-Gaussian distribution, which restricts s to 1 ≤ s ≤ 4, and required
µ = 1.66, q = 1.9, and σ = 0.621 (see Figure 5.1(c)). We emphasize that this is not
necessarily an accurate reproduction of the statistics of the SWTS compression
ratio, but we ﬁnd �s� = 2 is which consistent with the �s�-value determined from
Voyager 2 SWTS crossings, and it allows us to study the eﬀect of a ﬂuctuating
SWTS compression ratio on the DSA of locally born interstellar pickup ions.
In Figure 5.2 we display diﬀerent truncated q-Gaussian PDFs of the shock
compression ratio s. We show PDFs for q = 1 which is a Gaussian distribution (blue
curve), q = 1.9 (red curve), and q = 2.9 (green curve) keeping the mean compression
ratio at µ = 1.66 (�s� = 2 when restricting 1 ≤ s ≤ 4) and keeping σ = 0.621. In the
ﬁgure, q = 1.9 (κ � 1.1) best reproduce the shock compression ratio based on the
Voyager 2 density variations in the vicinity of the SWTS indicating a non-Gaussian
distribution with intermittent large jumps in the compression ratio. In Figure 5.3,
spectra of locally born interstellar pickup protons, accelerated by the SWTS at
84.16 AU, are shown just downstream of the SWTS for the corresponding q-values
and σ-value of the compression ratio PDF in Figure 5.2. Given the volatility of the
spectra on short time scales, we show spectra averaged over a time scale of 33 days
when they are in a quasi-steady state and can be more easily compared with
steady-state DSA theory. For comparison, dashed curves are included in the ﬁgure
118

that indicates the spectral power-law slope as predicted by standard DSA theory
when s = 2. Upon deﬁning the power-law spectrum of DSA for diﬀerential intensity
as j(E) ∝ E −k , where E is the particle kinetic energy, DSA theory predicts a
power-law index k =

s+2
2(s−1)

which is k � 2 when s � 2. The open circled black curve

in the ﬁgure is our reference solution when only the magnetic spiral angle is a
stochastic variable (modeled as a q-Gaussian PDF with q = 2.6 and σ = 30◦ )
because the SWTS compression ratio is kept constant at s � 2, which is close to the
mean value �s� � 2 for the cases when s is allowed to ﬂuctuate. The solution
indicates that for an intermittently varying spiral angle, where the probability of
large deviations from the mean spiral angle is signiﬁcant, locally born interstellar
pickup ion experience sporadic injection resulting in eﬃcient DSA. The DSA
spectra, as shown, do not show fully unfolded DSA spectra because of the
time-consuming nature of the calculation, where our statistical parameter study
could only be executed by limiting the acceleration time to ∼ 3 months.
Figure 5.3 also displays downstream pickup ion acceleration spectra when
both the magnetic spiral angle and the SWTS compression ratio are allowed to
ﬂuctuate in time. The compression ratio is modeled by a q-Gaussian distribution
with a ﬁxed standard deviation value σ = 0.621 and diﬀerent q-values (Gaussian
distributions with q = 1.0 (blue curves), q = 1.9 (red curves), and q = 2.9 (green
curves)), where q = 1.9 best reproduce our estimate of SWTS compression ratio
statistics based on Voyager 2 observations of the solar wind density near the SWTS.
Keep in mind that in Figures 5.3(a) and 5.3(b) the SWTS compression ratio is
modeled in the focused transport model according to the PDF of the SWTS
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compression ratio by ﬂuctuating the upstream solar wind speed U1 while keeping
the downstream solar wind speed U2 constant, thus assuming the limit that SWTS
compression ratio variations are dominated by ﬂuctuations in U1 . Note that in
Figure 5.3(b) the upstream source of locally born pickup protons is modeled to be a
thin spherical shell in solar wind frame velocity space where v � U1 , and U1 remains
ﬁxed at its initial value (a constant pickup ion shell). In Figure 5.3(a), more
realistically, the pickup ion shell ﬂuctuates statistically in time in accordance with
the ﬂuctuations in U1 (v(t) � U1 (t)). Thus, the low-energy peak of the pickup-ion
spectrum is broadened in Figure 5.3(a) compared to Figure 5.3(b). Figure 5.3(c)
shows downstream pickup ion acceleration spectra simulated by varying the SWTS
compression ratio in the focused transport model according to the SWTS
compression ratio PDF by changing downstream ﬂow speed U2 while keeping U1
constant, thus taking the limit where ﬂuctuations in s are dominated by
downstream variations in the solar wind speed.
Figure 5.3(a) shows that the pickup ion acceleration spectra are sensitive to
the q-value of the SWTS compression ratio PDF. We ﬁnd that DSA of locally born
pickup ions is somewhat more eﬃcient when the SWTS compression ratio obeys
non-Gaussian statistics (more eﬃcient acceleration when q = 1.9 and q = 2.9
compared to q = 1 (Gaussian distribution)). The explanation can be found in
Figure 5.2. When q = 1.9 or 2.9 the probability for large SWTS compression ratios
s � 3, and thus for enhanced U1 -values, is considerably higher compared to when
q = 1. This can be understood in terms of standard DSA theory. According to the
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expression for the characteristic time scale of DSA (Drury, 1983)
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dp ,
p�

(κrr1 � κrr2 )

(5.3)

where U1 is upstream ﬂow speed, and U2 is downstream ﬂow speed, s is shock
compression ratio, and p is particle momentum. In our application of the theory, the
diﬀusion coeﬃcients in the shock normal direction are represented by the upstream
downstream radial diﬀusion coeﬃcient κrr1 and κrr2 , respectively. In the bottom
two lines of equation (5.3) we assume that κrr2 is reduced relative to κrr1 because of
the occurrence of enhanced magnetic turbulence behind the SWTS. The center line
of equation (5.3) shows that when the probability for a larger compression ratio
(and thus for a larger U1 ) increase, the acceleration time will decrease, thus
explaining why DSA of pickup ions is more eﬃcient when q increases. The results in
Figure 5.3(b) are the same as in Figure 5.3(a), except that the spectra appear to be
somewhat more sensitive to increases in q. The enhanced sensitivity is artiﬁcial
because variations in the upstream pickup ion velocity shell due to ﬂuctuations in
U1 are ignored. In Figure 5.3(c), however, we ﬁnd (i) that the rate of DSA of pickup
ions are less sensitive to increasing q. This result can be understood in terms of the
bottom line of equation (5.3). Increasing the q-value of the compression ratio PDF
enhances the probability of a larger compression ratio but increases the probability
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Figure 5.1: The simulated probability density function (PDF) of the proton density
both sides of the SWTS and the shock compression ratio. (a) The PDF of the
upstream solar wind proton density. (b) The PDF of the downstream solar wind
proton density. Open-circled curves are proton density data from Voyager 2. The
red curve in (a) is the simulated PDF that best ﬁts the observed upstream proton
density, which is a q-Gaussian distribution (mean value µ = 0.0011 cm−3 , q = 1.3,
σ = 0.0003 cm−3 ). The red curve in (b) represents the simulated proton density
that is a best ﬁt of the observed downstream proton density, which is a log-normal
distribution with mean value µ = 0.00218 cm−3 and σlogn = 0.001 cm−3 . (c) The
PDF of the simulated compression ratio s of the SWTS when randomly selecting the
values of the proton density from (a) and (b). It is also a q-Gaussian distribution
with mean value µ = 1.66, q = 1.9, and σ = 0.621.

of a lower downstream solar wind speed U2 (the compression ratio is varied by
changing U2 while keeping U1 constant). These trends oppose each other in the
bottom line of equation (5.3), thus explaining the insensitivity of increasing q in
boosting the DSA rate.
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Figure 5.2: The simulated probability density function (PDF) of the SWTS compression ratio s. The blue curve represents q = 1 (Gaussian distribution), the red
curve q = 1.9 and the green line q = 2.9. In all cases σ = 0.621 and µ = 1.66. Red
curve (q = 1.9) best reproduce the SWTS compression ratio statistics when determined from Voyager 2 observations of solar wind density variations near the SWTS.

So far we discussed how locally born pickup protons undergo DSA when the
SWTS ﬂuctuations are dominated by either upstream or downstream solar wind
velocity variations. Now we consider the more general case where ﬂuctuation in the
SWTS compression ratio are caused by simultaneous ﬂuctuations in both the
upstream and downstream solar wind velocities in the focused transport model.
This is accomplished by ﬁrst assuming a simple model to calculate U1 (t) ∝ 1/ρ1 (t)
according to the expression U1 (t) = U1 (t0 )ρ1 (t0 )/ρ1 (t), where t0 is the chosen initial
time, U1 (t0 ) = 400 km s−1 , and ρ1 (t0 ) = 0.0011 cm−3 is the initial thermal proton
density. The time variations of ρ1 (t) is determined by the q-Gaussian distribution ﬁt
to the observed upstream proton density variations which yielded q = 1.3,
µ = 0.0011 cm−3 , and σ = 0.0003 cm−3 (see Figure 5.1(a)). The PDF of U1 thus
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Figure 5.3: The simulated 33-day averaged diﬀerential intensity spectra j(E) of
accelerated locally born interstellar pickup protons in arbitrary units as a function of
kinetic energy E in MeV shown just behind the SWTS located at 84.16 AU. Results
for diﬀerent q-Gaussian distributions of the shock compression ratio are compared.
The open-circled reference curve was calculated for a constant SWTS compression
ratio ∼ 2.0, the blue curves for a compression ratio PDF with q = 1 (Gaussian
distribution) and σ = 0.621, red curves for q = 1.9 and σ = 0.621, and the green
curves for q = 2.9 and σ = 0.621. The black dashed line represents the slope of a
power-law spectrum j(E) ∝ E −k where k = 2.0 as predicted by DSA theory when
the SWTS compression ratio is s ≈ 2.0. (a) and (b): The compression ratios are
calculated in the focused transport model by varying the upstream solar wind speed
U1 , while keeping the downstream solar wind speed U2 constant. (c) Compression
ratios in the focused transport model are modeled by keeping U1 ﬁxed and varying
U2 . In (b) locally born pickup ions upstream are modeled as a spherical shell in
velocity space with v = U1 keeping U1 constant, whereas in (a) the spherical shell
ﬂuctuates according to the statistical time variations in U1 (v(t) = U1 (t)).
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determined is presented in Figure 5.4 where the values are normalized to
U1 (t0 ) = 400 km s−1 . In this way we generate a wide range of U1 -values around the
most probable of U1 = 400 km s−1 in the interval U1 ∈ [120, 2200] km s−1 . 2 Curves
are shown. The red curve is a detailed simulation of the PDF of U1 whereas the
open-circled curve indicates the less well resolved PDF of U1 formed by the subset
of U1 -values that we are able to enter into the focused transport simulation as a
time series. The comparison veriﬁes that the PDF used in the focused transport
model agrees well with the more detailed PDF for a wide range of U1 -values up to
∼ 1200 km s−1 so that signiﬁcant disagreements only exist for large U1 -values of low
probability. To calculate the simultaneous variations in U2 that enter the focused
transport model, we use U2 (t) = U1 (t)s(t), where s(t) is extracted from the
q-Gaussian distributions of the SWTS compression ratio displayed in Figure 5.2
where PDFs for diﬀerent q-values (q = 1, q = 1.9, and q = 2.9) are displayed ﬁxing
µ = 1.66 and σ = 0.621.
Figure 5.5 shows the 33-day averaged intensity spectra of accelerated locally
born pickup protons just downstream of the SWTS for diﬀerent q-Gaussian
distributions of the SWTS compression ratio calculated in the focused transport
model by varying simultaneously the upstream and downstream solar wind speed as
discussed above and illustrated in Figure 5.4. Comparing the spectra in Figure 5.5
with those in Figures 5.3(a) and 5.3(c) with respect to the reference spectrum where
the SWTS compression ratio is ﬁxed at a value of 2 (open circled curve present in
all ﬁgures), we see that DSA of locally born pickup protons by the SWTS is on
average more eﬃcient when the ﬂuctuating SWTS compression ratio is determined
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Figure 5.4: The simulated probability density function (PDF) of the upstream ﬂow
speed. The red curve is calculated using the expression U1 (t) = U1 (t0 )ρ1 (t0 )/ρ1 (t)
where t0 is the initial time, U1 (t0 ) = 400 km s−1 , ρ1 (t0 ) = 0.0011 cm−3 is the initial upstream proton density. The time variation in ρ1 (t) are determined by the
q-Gaussian distribution ﬁt to the observed values upstream by Voyager 2. The ﬁt
yielded q = 1.3, µ = 0.011 cm−3 , and σ = 0.0003 cm−3 as shown in Figure 5.1(a).
The open circled curve represents the subset of U1 -values that is used in the focused
transport model simulation of pickup ion acceleration. The U1 -values shown are normalized to U0 = 400 km s−1 .

by simultaneous ﬂuctuations in U1 and U2 in our focused transport model, DSA is
second-most eﬃcient when only U1 ﬂuctuations determines the compression ratio
and DSA is least eﬃcient when only U2 variations the compression ratio. In the
discussion of Figure 5.3 we concluded that the rate of DSA is only sensitive to s
ﬂuctuations determined by U1 variations. Thus, the more eﬃcient DSA in Figure
5.5 as compared to Figure 5.3(a) must be attributed to the PDF of U1 in Figure 5.5
being more likely to produce enhancements in U1 compared to the PDF of U1 in
Figure 5.3(a) as a consequence of the diﬀerent methods used to calculate U1 in these
two cases.
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Figure 5.5: The 33-day averaged intensity spectra of accelerated pickup protons
just downstream of the SWTS at 84.16 AU for diﬀerent q-Gaussian distributions of
the shock compression ratio. The compression ratios in the focused transport were
calculated by simultaneously varying upstream and downstream solar wind speeds.
The open-circled black curve was calculated for a constant compression ratio ∼ 2.0,
the blue curve for q = 1 (Gaussian distribution), σ = 0.621, red curve for q = 1.9,
σ = 0.621, and the green curve for q = 2.9, σ = 0.621. The black dashed line
represents the slope of a power-law spectrum j(E) ∝ E −k where k = 2.0 as predicted
by DSA theory when the SWTS compression ratio is s ≈ 2.0.

5.3.2

How the width (σ-value) of the SWTS compression ratio PDF
aﬀects DSA
In this section we discuss how the modiﬁed q-Gaussian distribution of SWTS

compression ratios aﬀect the acceleration of locally born pickup protons at the
SWTS when the width (σ-value) of the distribution is varied but the shape (q-value)
of the distribution is kept the same. The eﬀects of changing σ are studied for
q = 1.9 (κ � 1.1) which represents a strongly non-Gaussian truncated distribution
of SWTS compression ratios. In Figure 5.6 we show the q-Gaussian distribution of
the shock compression ratio s for σ = 0.31 (blue curve), σ = 0.62 (red curve), and
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σ = 0.124 (green curve). The red curve best reproduce our estimate of the SWTS
compression ratio statistics based on Voyager 2 observations of solar wind density
near the SWTS as discussed above. These three curves peak at s = 1.66 and share
the same average shock compression ratio value of �s� � 2. Figure 5.6 indicates that
when the width of the shock compression ratio distribution is increased, there is an
enhanced probability of larger shock compression ratios s � 2.
Figure 5.7 illustrates the modeled DSA spectra of locally born interstellar
pickup protons just downstream of the SWTS in response to the simulated
q-Gaussian PDF of the SWTS compression ratio for ﬁxed q = 1.9 when σ = 0.31
(blue), σ = 0.62 (red), and σ = 1.24 (green) as shown in Figure 5.6. In Figure 5.7(a)
and 5.7(b) the compression ratios are reproduced in the focused transport model by
varying the upstream solar wind speed U1 while keeping the downstream solar wind
speed U2 constant, whereas in Figure 5.7(c) this is done by varying U2 while keeping
U1 constant. The diﬀerence between Figure 5.7(a) and Figure 5.7(b) is that the
upstream pickup ion source velocity shell distribution, where v = U1 , varies based
on the q-Gaussian PDF of U1 in Figure 5.7(a), whereas in Figure 5.7(b) the pickup
ion source is a constant velocity shell with v = U1 = 400 km/s. The black dashed
line represents the slope of a power-law spectrum j(E) ∝ E −k where k = 2 as
predicted by DSA theory when the SWTS compression ratio is s ≈ 2. The black
curve in each panel of Figure 5.7 serves as a reference acceleration solution in which
the SWTS compression ratio is kept constant at s = 2. This value agrees with the
average values of the compression ratio distributions used in the simulations based
on a ﬂuctuating compression ratio. In all simulations, ﬂuctuations in s is combined
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with a q-Gaussian distribution with q = 2.6 and σ = 30◦ that determines
ﬂuctuations in the magnetic ﬁeld spiral angle according to Voyager 2 observations.
In Figure 5.7(a) we notice that DSA is less eﬃcient for the smallest σ-value
when σ = 0.31 (blue curve) compared to when the SWTS compression ratio is ﬁxed
at s = 2 (black curve). Inspection of Figure 5.6 indicates that this feature can be
explained by the relative narrowness of the compression ratio PDF which strongly
peaks at s � 1.66, implying a high probability for SWTS compression ratios s < 2
and U1 < 400 km s−1 as well (when s = 2, U1 = 400 km s−1 ). The second line of
equation (5.3) for the characteristic time of DSA suggests that this should result in
reduced DSA rate compared to when s = 2. The results in Figure 5.7(a) also show
that increasing σ of the SWTS compression ratio distribution signiﬁcantly enhances
the eﬃciency of DSA of pickup ions as a consequence of enhancing the probability
of larger SWTS compression ratios s � 2 and U1 > 400 km s−1 while reducing the
probability of s � 2 and U1 < 400 km s−1 (see Figure 5.6). This is consistent with
the prediction of the second line in equation (5.3). As expected when σ is large
enough, the eﬃciency of DSA of pickup ions surpasses that for the case of a
constant SWTS compression ratio s = 2 (compare green curve for σ = 1.24 with
black curve). The results of Figure 5.7(b) correspond quite closely with those of
Figure 5.7(a), showing that DSA of pickup ions depend only weakly on whether the
pickup source shell velocity distribution is constant or ﬂuctuates in time with U1 .
The accelerated pickup ion spectra in Figure 5.7(c) display the same trend as in
Figures 5.7(a) and 5.7(b), except that the enhancement in DSA eﬃciency acquired
by increasing σ of the SWTS compression PDF is more subdued. This is manifested
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Figure 5.6: The simulated probability density function (PDF) of the SWTS compression ratio s. The blue curve is for σ = 0.31, the red curve for σ = 0.62 and the
green curve for σ = 1.24. In all cases q = 1.9. The values q = 1.9 and σ = 0.62 (red
curve) best reproduce our estimate of SWTS compression ratio statistics based on
solar wind density variations by Voyager 2 near the SWTS (see Figure 5.1).

in the fact that for the largest σ-value (σ = 1.24), the green curve did not result in
more eﬃcient DSA compared to the black curve when s = 2 (the two curves tend to
overlap). We can understand this trend in terms of the bottom line of equation
(5.3). Raising σ in Figure 5.7(c) implies both an enhanced probability for a larger
compression ratio and a reduced value for U2 . These eﬀects counteract each other in
the bottom line of equation (5.3) and the characteristic time for DSA is less like to
be reduced compared to Figures 5.7(a) and 7(b). In conclusion, when the SWTS
compression ratio ﬂuctuations are dominated by U1 ﬂuctuations instead of U2
ﬂuctuations, the eﬃciency of DSA is more responsive to changes in the σ-value of
the SWTS compression ratio PDF.
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Figure 5.7: The 33-day averaged intensity spectra of accelerated locally born pickup
protons just downstream of the SWTS at 84.16 AU for diﬀerent σ-values of the qGaussian distributions of the SWTS compression ratio when q = 1.9. The black
curve is a reference solution calculated for a constant compression ratio ∼2.0. σvalues considered are σ = 0.31 (blue curve), σ = 0.62 (red curve) and σ = 1.24
(green curve). The black dashed line represents the slope of a power-law spectrum
j(E) ∝ E −k where k = 2 as predicted by DSA theory when the SWTS compression
ratio is s ≈ 2.0. (a) The SWTS compression ratio is reproduced in the focused
transport model by varying U1 while keeping U2 constant. The upstream pickup ion
source shell distribution ﬂuctuates according to ﬂuctuations in U1 (v(t) = U1 (t)).
(b) The same as (a) except that the pickup ion shell velocity is kept constant at
v = U1 = 400 km s−1 . (c) The SWTS compression ratio variations in the focused
transport model are calculated by ﬁxing U1 and varying U2 . In all cases the spiral
angle is varied according to a modiﬁed q-Gaussian distribution with q = 2.6, and
σ = 30◦ .
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Figure 5.8 shows the 33-day averaged intensity spectra of accelerated locally
born pickup protons just downstream of the SWTS for diﬀerent q-Gaussian
distributions of the shock compression ratio when both upstream and downstream
solar wind speeds are varied simultaneously following the approach discussed above
(see discussion of Figures 5.3-5.5). Upstream solar wind speed is varied according to
Figure 5.4, whereas downstream ﬂow speed is varied according to
U2 (t) = U1 (t)/s(t), where s(t) is modeled using a q-Gaussian distribution with
q = 1.9 and σ = 0.3105, 0.621, 1.242 as in Figure 5.6. Figure 5.8 suggests that the
increase in DSA eﬃciency in response to increasing σ is reduced when varying both
upstream and downstream solar wind speeds compared with the case of varying
only the upstream or downstream solar wind speed. In the discussion of the results
of Figure 5.7 it was pointed out that ﬂuctuations in s are more likely to produce
more eﬃcient DSA when they are determined predominately by U1 variations
compared to U2 variations. Therefore, it makes sense that if both U1 and U2
ﬂuctuations contribute to ﬂuctuations in s, the gain in DSA eﬃciency will be
reduced. That the reduction in DSA eﬃciency gain is more limited in Figure 5.8
compared to Figure 5.7(c) (when s only depends on U2 ﬂuctuations) might be
attributed to the diﬀerent approach in calculating U1 and U2 variations in Figure
5.8 compared to Figure 5.7 (see discussion above related to Figures 5.3-5.5).

132

J(E)[arbitrary units]

10 98
10
10 76
10
10 5
10 43
10
10 21
10
10 0
10 -1
10 -2
10 -3
10 -4

q=1.9 σ=0.3105
q=1.9 σ=0.621
q=1.9 σ=1.242
s=2
k=2.0

10 -4 10 -3 10 -2 10 -1

10 0

10 1

10 2

E[MeV]

Figure 5.8: The simulated 33-day averaged intensity spectra of accelerated locally
born pickup protons just downstream of the SWTS at 84.16 AU for diﬀerent qGaussian distributions of the SWTS compression ratio. Both upstream and downstream solar wind speeds are varied simultaneously to reproduce the compression
ratio ﬂuctuations of the distributions in the focused transport model. The black
open-circled curve was calculated for a constant compression ratio ∼ 2.0, the blue
curve for q = 1.9 and σ = 0.3105, the red curve for q = 1.9 and σ = 0.621, and the
green curve for q = 1.9 and σ = 1.242. The black dashed line represents the slope of
a power-law spectrum j(E) ∝ E −k where k = 2.0 as predicted by DSA theory when
the SWTS compression ratio is s ≈ 2.0.

5.3.3

How the SWTS compression ratio PDF aﬀects DSA when
including ﬂuctuations in Dµµ
Up to now we studied the combined eﬀect of statistical ﬂuctuations in the

magnetic ﬁeld spiral angle (perpendicular diﬀusion due ﬁeld-line wandering) near
the SWTS, and statistical ﬂuctuations in the SWTS compression ratio on the DSA
of locally born interstellar pickup ions at the SWTS. Finally, we add statistical
ﬂuctuations in the pitch-angle scattering coeﬃcient Dµµ , assuming
Dµµ (t) ∝ δB 2 (t) = (B(t) − �B�)2 . The magnetic ﬁeld strength ﬂuctuations near the
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SWTS are simulated as a log-normal distribution to reproduce Voyager 2
observations by which showed that upstream of the SWTS �B� = 0.041 nT with a
standard deviation σlogn = 0.015 nT, and downstream �B� = 0.088 nT with
σlogn = 0.026 nT (Burlaga and Ness, 2009; Burlaga et al., 2007) as discussed above.
Motivated by Voyager 2 observations near the SWTS, we model the magnetic spiral
angle ﬂuctuations as a q-Gaussian distribution with q = 2.6 and σ = 30◦ and the
variations in the SWTS compression ratio according to a q-Gaussian distribution
with q = 1.9, and σ = 0.62.
Figure 5.9 shows the 33-day averaged intensity spectra of locally born
accelerated pickup protons just downstream of the SWTS at 84.16 AU for three
diﬀerent cases. In all cases the open-circled black curve represents a reference
solution of accelerated pickup protons for a constant SWTS compression ratio of 2
with only magnetic ﬁeld spiral angle variations. Blue curves indicate accelerated
pickup ion spectra aﬀected by both magnetic angle and shock compression ratio
variations, whereas red curves represent the case when pickup ion acceleration is
aﬀected by the combination of variations in the magnetic ﬁeld spiral angle, shock
compression ratio, and the magnetic ﬁeld magnitude. In Figure 5.9(a) SWTS
compression ratio is varied by the changing upstream solar wind ﬂow speed U1 while
keeping the downstream solar wind speed U2 constant combined with a pickup ion
source shell velocity distribution that ﬂuctuates because the shell speed
v(t) = U1 (t). Figure 5.9(b) is the same as Figure 5.9(a) except that the pickup ion
source shell speed is kept constant at v = U1 = 400 km s−1 . In Figure 5.9(c), the
shock compression ratio variations are calculated by changing U2 while keeping U1
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constant. In all cases the red and blue curves overlap, which indicates that adding
variations in Dµµ determined by ﬂuctuations in the magnetic ﬁeld strength has a
negligible eﬀect on the DSA of pickup ions at the SWTS, in contrast to the
signiﬁcant modiﬁcations in DSA of pickup ions at the SWTS produced by
ﬂuctuations in the SWTS compression ratio.

5.4

Summary and Conclusions
We investigated how locally born interstellar pickup proton acceleration at

the SWTS is aﬀected by ﬂuctuations in the SWTS compression ratio modeled in
terms of a truncated q-Gaussian distribution based on Voyager 2 proton density
observations in the vicinity of the SWTS. Fluctuations in the SWTS compression
ratio are consistent with Voyager 2 SWTS crossings that revealed a highly
time-dependent shock structure that can be interpreted in terms of intermittent
cyclic reformation processes found in hybrid and full particle simulation at
quasi-perpendicular shocks (Burlaga et al., 2008b; Lembege and Savoini, 1992;
Scholer et al., 2003a). Simulated the statistics of the SWTS was found to be
strongly non-Gaussian with q = 1.9 and σ = 0.621 (q = 1 indicates a Gaussian
distribution). The average SWTS compression ratio �s� � 2, which is consistent
with observations when Voyager 2 crossed the SWTS (Burlaga et al., 2008b;
Richardson et al., 2008). In our focused transport model for pickup ion acceleration
at the SWTS, ﬂuctuations in the SWTS compression ratio were combined with
ﬂuctuations in the magnetic spiral angle that, based on Voyager 2 observations near
SWTS, are best modeled with a truncated q-Gaussian distribution with q = 2.6 and
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Figure 5.9: The 33-day averaged intensity spectra of accelerated pickup protons
just downstream of the SWTS at 84.16 AU. The open-circled black curve in each
panel is a reference solution, in which only the magnetic ﬁeld spiral angle ﬂuctuates,
modeled as a modiﬁed q-Gaussian distribution with q = 2.6, and σ = 30◦ . The SWTS
compression ratio is ﬁxed at s = 2. Blue-curve spectra include the same q-Gaussian
distribution for magnetic ﬁeld spiral angle variations δψ combined with a q-Gaussian
shock compression ratio distribution with q = 1.9, and σ = 0.62. Red curves also add
the eﬀect of Dµµ ﬂuctuations based on a log-normal distribution of the magnetic ﬁeld
strength ﬂuctuations δB with �B� = 0.041 nT and σlogn = 0.015 nT upstream of the
SWTS (Burlaga et al., 2007), and �B� = 0.088 nT and σlogn = 0.026 nT downstream
(Burlaga and Ness, 2009). The black dashed line represents the slope of a powerlaw spectrum j(E) ∝ E −k where k = 2 as predicted by DSA theory when the SWTS
compression ratio is s ≈ 2. All statistical parameters are chosen to reproduce Voyager
2 observations near the SWTS. (a) Compression ratio s simulated in the focused
transport model by varying U1 while keeping U2 constant. U1 -variations are used to
model a ﬂuctuating pickup ion source shell distribution with v(t) = U1 (t). (b) Same
as (a) except that the pickup ion source shell distribution is ﬁxed at v = U1 = 400
km s−1 . (c) The SWTS compression ratios are calculated in the focused transport
model by ﬁxing U1 and varying U2 .
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σ = 30◦ . This captured the intermittent, non-Gaussian nature of ﬁeld-line
wandering along which accelerated pickup ions diﬀuse, resulting on average in
perpendicular diﬀusion of pickup ions across the SWTS. To analyze the role of
statistical ﬂuctuations of the SWTS compression ratio on the DSA of locally born
pickup ions, we varied the q-value (shape) of the compression ratio PDF to see how
diﬀerent levels of non-Gaussianity play role, and we modiﬁed the σ-value (width) of
the PDF. Our results show: (i) Increasing q (more strongly non-Gaussian PDF)
results in more eﬃcient DSA, especially when the SWTS compression ratio
ﬂuctuations are dominated by upstream solar wind speed ﬂuctuations U1 (t) in the
focused transport model. This can be understood in terms of standard theory for
the characteristic time scale of DSA which predicts that DSA is more eﬃcient if an
enhanced probability of larger compression ratios (larger q-value) is accompanied
with an increased probability of larger U1 -values. (ii) In the simulations, when σ was
increased exactly the same trend as in result (i) appeared, and for the same reasons.
Broader SWTS compression ratio distributions (larger σ) enhanced the eﬃciency of
the DSA of pickup ions at the SWTS because the probability of larger compression
ratios increased. This increased eﬃciency is especially eﬀective when ﬂuctuations in
the compression ratio are dominated by U1 -variations instead of U2 -variations which
tend to cancel out the advantage of larger compression ratios. Consistent with this
view, when the simulation of DSA of pickup ions at the SWTS was performed for
ﬂuctuating compression ratios determined by simultaneous variations of U1 and U2
in the focused transport model, increasing σ resulted in a less prominent increase in
the eﬃciency of DSA. Overall, it appeared that the rate of DSA was more sensitive
137

to changes in the width of the SWTS compression ratio PDF (σ-value) than
compared to changes in the level of non-Gaussianity (q-value). Finally, we also
allowed ﬂuctuations in the magnetic ﬁeld strength near the SWTS to inﬂuence DSA
of pickup ions at the SWTS through modiﬁcations in the pitch-angle scattering rate
in addition to ﬂuctuations in the magnetic ﬁeld spiral angle and the SWTS
compression ratio, and found no signiﬁcant eﬀect on the DSA rate. We conclude
that, within the conﬁnes of focused transport theory, combining ﬂuctuations in the
SWTS compression ratio with variations in the magnetic ﬁeld spiral angle is near
the SWTS likely to modify the DSA rate of locally born pickup ions compared to
combining spiral angle variation with variations in the ﬁeld strength.
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CHAPTER 6

GENERALIZED FOCUSED TRANSPORT EQUATION

6.1

Overview
In this chapter we discuss a more general version of the standard focused

transport equation. The motivation for developing a more general version is that the
standard equation is limited by the assumption of a nearly gyrotropic phase-angle
distribution. Since energetic particle distributions at nearly perpendicular shocks,
especially, are not nearly gyrotropic, important physical eﬀects playing a role in
transport and acceleration at these shock obliquities are underestimated or
oversimpliﬁed. For example, at a perpendicular plasma shock both the eﬀects of
cross-shock electric ﬁeld and the cross-shock acceleration of the solar wind are
negligible in standard focused transport theory because of the assumption of nearly
gyrotropic distributions, thus potentially severely underestimating their role in
particle preheating and injection into the DSA mechanism. With standard focused
transport modeling le Roux and Webb (2012) demonstrated how the cross-shock
acceleration of the solar wind can be especially eﬃcient in boosting preheating and
injection at quasi-parallel shocks. Furthermore, perpendicular diﬀusion due particle
scattering across the local magnetic ﬁeld cannot be simulated, whereas certain
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aspects of the nonuniform magnetic ﬁeld on particle transport (rotation and shear
of the magnetic ﬁeld) cannot be treated. We present below the outline of deriving a
more general focused transport equation not subject to the limitations of nearly
gyrotropic energetic particle distributions in gyrophase and discuss its new features.
A shortened version of this derivation can be found in le Roux et al. (2014).

6.2

Derivation of Generalized Focused Transport Equation
The Boltzmann equation in the observer frame is the starting point of the

derivation, which is given by

∂f
∂f
∂f
+v·
+ q(E + v × B) ·
=
∂t
∂x
∂p

�

δf
δt

�

,

(6.1)

sc

where f (x, p, t) is the energetic particle distribution function which depends on
particle momentum p, position x, and time t; q is the net particle charge, E and B
are the external electric and magnetic ﬁelds present in the plasma, respectively, and
the term on the right side represents particle scattering in momentum space due to
particle interaction with electromagnetic wave turbulence. After transforming the
particle momentum to the plasma ﬂow frame moving at a velocity U relative to the
observer frame, and retaining terms up to ﬁrst order for the ratio to U/c, one ﬁnds
the standard transformed Boltzmann equation (Skilling, 1975) given by
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�

�
�
�
�
� �
�
∂
∂f
δf
U · v� ∂f
� ∂f
� dU
�
�
�
�
+(U+v )· + −m
− p ·
U+q(E +v ×B ) · � =
,
1+ 2
c
∂t
∂x
dt
∂x
∂p
δt sc
(6.2)

where the particle distribution f (x, p� , t) is measured in a mixed coordinate system
so that x and t are measured in the observer frame, but p� is measured in the
plasma ﬂow frame. The total derivative is deﬁned as

d
dt

=

∂
∂t

+U·

∂
∂x

indicating

time variation following the plasma ﬂow. This version of the transformed
Boltzmann equation diﬀers in two minor respects from the Skilling version: (i) In
Skilling (1975) the particle momentum is transformed to the propagating wave
frame, whereas we transform momentum to the plasma ﬂow frame. (ii) In the
electric ﬁeld transformation between the ﬁxed and plasma ﬂow frame, which to 1st
order in U/c is E ≈ E� − U × B, we retain a ﬁnite E� in the plasma ﬂow frame. The
main purpose of including E� is to simulate the eﬀect of a cross-shock electric ﬁeld,
generated by charge separation, on particle preheating (see e.g., le Roux and Webb,
2012; le Roux et al., 2007).
The next step is to deﬁne p� in a magnetic ﬁeld coordinate system
(e1 , e2 , e3 = b) where the unit vector e3 is aligned with magnetic ﬁeld unit vector
b = B/B. The components of p� are expressed in terms of spherical coordinates
deﬁned relative to the magnetic ﬁeld coordinate system so that
p� = p� sin θ� cos φ� e1 + p� sin θ� sin φ� e2 + p� cos θ� b. Thus, θ� is the particle pitch
angle, and φ� is the particle gyrophase angle. Since we can deﬁne
µ� = cos θ� = ep� · b, where ep� is the unit vector along p� , we see that µ� changes in
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space and time either because the particle direction varies or because the magnetic
ﬁeld direction changes in space and time. Accordingly, µ� (x� , p� , t) = ep� (x, t) · b(x, t)
and similarly φ� (x, p� , t) (see discussion below equation (6.11)). This suggests that
the coordinate transformation of p� from magnetic ﬁeld coordinates to spherical
coordinates is (x, p� , t) → (x, p� , µ� (x, p� , t), φ� (x, p� , t)). We use this transformation
to transform the partial derivatives in terms of spherical coordinates. To 1st order
in U/c the magnetic ﬁeld transformation is B � B� , where B� is the magnetic ﬁeld
in the plasma ﬂow frame. Therefore,

�
∂xi ∂f
∂f
∂p� ∂f
∂µ� ∂f
∂φ� ∂f
∂f ��
+
=
+
+
+
∂t �xi =c;p� =c
∂t
∂t ∂xi
∂t ∂p�
∂t ∂µ�
∂t ∂φ�
i

∂f
∂f
∂φ� ∂f
∂
=
,
+ (ep� · b) � +
∂t
∂t
∂µ
∂t ∂φ�

because

∂xi
∂t

=

∂p�
∂t

(6.3)

= 0 for the independent variables xi , p� , and t, and µ� = ep� · b.

Therefore, the ﬁrst term of equation (6.2) transforms according to
�

�
��
�
�
�
�
U · v� ∂f
∂f
∂b ∂f
∂φ� ∂f
U · v�
1+
.
+
= 1+
+ ep� ·
c2
∂t
c2
∂t
∂t ∂µ�
∂t ∂φ�

(6.4)

Similarly, the second term of equation (6.2) transforms as
�

Ui +

vi�

�

�
�
∂f
∂f
∂φ� ∂f
∂bj ∂f
�
,
= (Ui + vi )
+ ep� j
+
∂xi
∂xi
∂xi ∂µ� ∂xi ∂φ�
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(6.5)

because

∂t
∂xi

=

∂p�
∂xi

= 0, and

∂µ�
∂xi

=

∂
(e � b )
∂xi p j j

∂b

= ep� j ∂xji , (

∂ep� j
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= 0). Also,
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= 0. Note that,
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. Accordingly,
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Thus, the 1st part of the 3rd term of equation (6.2) becomes
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(6.9)

and the last part of the 3rd term becomes
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where Ω� =
m� =

qB
m�

� m0
�
1−( vc )2

is the particle gyrofrequency in the plasma ﬂow frame, and
is the relativistic particle mass in the plasma ﬂow frame, and m0 is

the particle rest mass. After inserting expressions (6.4), (6.5), (6.9), and (6.10) in
equation (6.2) the generalized focused transport equation becomes
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(6.11)

In the last term on the left-hand-side of equation (6.11) we ﬁnd space and time
variations in the particle gyrophase φ� . To make this more concrete, as was done for
µ� above, we express cos φ� (x, p, t) = ep�⊥ (x, t) · e1 (x, t), showing that φ� varies with
space and time, either because the particle or because e1 changes direction in space
and time. The variation in e1 is a consequence of variation in the magnetic ﬁeld
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direction b = e3 . One can show that
∂
∂φ�
= (arccos(ep�⊥ · e1 ))
∂t
∂t
∂e1
1
ep�⊥ ·
.
=−
�
sin φ
∂t

(6.12)

Using ep�⊥ = cos φ� e1 + sin φ� e2 , one ﬁnds that
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and

Therefore,

The generalized focused transport equation can be expressed more compactly and in
vector notation as
� �
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�
�
� δf
,
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(6.16)

where
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(6.17)

where Vp� = dp� /dt, Vµ� = dµ� /dt, and Vφ� represent particle advection in p� , µ� , and
φ� space, respectively, and χ� = 1/(1 + v� · U/c2 ). The total time derivative
d/dt = ∂/∂t + χ� (U + v� ) · ∇ when referring to changes in b and e1 encountered
following the particle whereas the total time derivative d/dt = ∂/∂t + (U · ∇) when
referring to the change in U encountered when following the plasma. To compare
with the standard focused transport equation, we assume a gyrotropic particle
distribution in gyrophase in the generalized focused transport. We then recover the
standard focused transport equation for f (x, p� , µ� , t) given by
� �
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where χ� = 1/(1 + v � µ� b · U/c2 ). This equation is more general than the one in
Skilling (1975) by including ∂b/∂t in Vµ� and E� . By comparing the generalized
focused transport equation (6.17) with the standard focused transport equation
(6.18) one sees that the transport mechanisms referred to in the advection terms in
p� and µ� space (Up� and Uµ� ) are the same, except that the terms in the generalized
focused transport equation contain more detail by including gyrophase information.
Because of the latter, the generalized focused transport equation also includes a new
term for particle advection in gyrophase space (φ� -space) which is absent in the
standard focused transport equation. Of particle interest is the generalized magnetic
mirroring/ focusing term χ� ep� · (v� · ∇)b∂f /∂µ� contained in the ﬁrst term of Vµ�
which provides a more general description of how the nonuniform magnetic ﬁeld can
contribute to particle mirroring/focusing than the magnetic mirroring/focusing term
1
(1
2

6.3

− µ�2 )χ� v � (∇ · b)∂f /∂µ� in the standard focused transport equation.
Slow Gyrophase Eﬀects
Consider the Vφ� -advection term in the generalized focused transport

equation. the ﬁrst term in Vφ� models how fast changes in the particle gyrophase φ�
due to particle gyromotion can aﬀect the particle distribution when it is
nongyrotropic with respect to φ� . This term might be important at nearly
perpendicular shocks where strong nongyrotropic distributions can potentially occur
when particles are reﬂected in gyrophase by the cross-shock electric ﬁeld, for
example. The second term in Uφ� is normally associated with the eﬀect of slow
changes in φ� as e1 varies in response to a gradual change in b = e3 along a particle
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gyro orbit (nonuniform, time-dependent magnetic ﬁeld). Such nonuniform magnetic
ﬁeld eﬀects are responsible for the modiﬁcation in particle gyro orbits associated
with particle drift across the nonuniform magnetic ﬁeld (Brio et al., 2010). In the
same fashion, slow variations in φ� can aﬀect the particle gyro orbit and thus the
nongyrotropic particle distribution when particles experience a nonuniform, time
varying plasma ﬂow and a ﬁnite plasma ﬂow frame electric ﬁeld (third and fourth
terms of Vφ� ). At a nearly perpendicular shock wave these slow gyrophase variations
can be strongly enchanced, thus signiﬁcantly modifying the particle distribution and
potentially altering the description of energetic charged particle acceleration at
collisionless shocks. Comparing our expression for Vφ� with the expression of Vφ� in
Liu and Qin (2011) reveals that slow changes in φ� due changes in e1 along the
particle trajectory associated with changes in the magnetic ﬁeld direction is a
geometric phase variation sometimes referred to as the Berry phase. The Berry
phase is also discusssed in quantum mechanics and in the problem of the Foucault
pendulum slow phase variation.

6.4

The Generalized Magnetic Mirroring/Focusing Term
As mentioned above, when the particle distribution is nongyrotropic in

gyrophase φ� , the magnetic mirroring/focusing term in standard focused transport
theory is generalized to include more nonuniform magnetic ﬁeld eﬀects on particle
advection in µ� -space. We refer here to the term ep� v� : ∇b∂f /∂µ� in the ﬁrst term
of Vµ� in equation (6.17). By using the Cauchy-Stokes theorem we can distinguish
between diﬀerent kinds of nonuniform magnetic ﬁeld conﬁgurations that aﬀects
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particle mirroring/focusing by expressing ∇b as follows using index notation:

where
σijb

1 ∂bk
∂bi
= σijb + wijb +
δij ,
∂xj
3 ∂xk

(6.20)
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−
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(6.21)

is the shear tensor of the magnetic ﬁeld unit vector bi and

wijb

�
�
1 ∂bi
∂bj
,
=
−
2 ∂xj
∂xi

(6.22)

is the rotation tensor of bi . This application is analogue to applying the
Cauchy-Stokes theorem to the nonuniform ﬂow ∇U to diﬀerentiate between diﬀerent
plasma ﬂow conﬁgurations and their eﬀects on particle advection in µ� - and p� -space
in the standard focused transport (see discussion in le Roux and Webb (2012)). By
substituting the expression for

∂bi
∂xj

into the generalized mirroring/focusing

ep� i vj� (∂bi /∂xj )∂f /∂µ� term in Vµ� (equation (6.17)), we ﬁnd for that term that
�
�
dµ� ∂f
v � ∂bi ∂f
∂f
�
b
b
= ep� i vj (σij + wij ) +
.
V µ� � =
∂µ
dt ∂µ�
3 ∂xi ∂µ�

(6.23)

In this more general term for magnetic mirroring/focusing we see that particles
experience magnetic mirroring /focusing not only due to the convergence/divergence
of the magnetic ﬁeld direction unit vector bi (compression/expansion of the
magnetic ﬁeld direction as in standard focused transport theory), but also due to
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shear and rotation of the magnetic ﬁeld direction bi . Assuming a gyrotropic
phase-angle, and a nearly isotropic particle pitch-angle distribution according to the
�

Legendre polynomial expansion f (µ� ) = f0 + 3µ� f1 ( ∂f∂µ(µ� ) = 3f1 ), in the magnetic
mirroring/focusing term in the standard focused transport equation we ﬁnd that
�1

−1

∂bi ∂f
1 ∂bi
1
dµ� (1 − µ�2 )
= v�
× 3f1 .
�
2
∂xi ∂µ
3 ∂xi

(6.24)

This expression agrees with the last term of Vµ� ∂f /∂µ� (last term of the generalized
magnetic mirroring/focusing expression) when inserting ∂f /∂µ� = 3f1 in the last
term, thus conﬁrming that the last term is the standard magnetic
mirroring/focusing term in classical focused transport theory.

6.5

Nonuniform Plasma Flow Eﬀects
Note that in the generalized focused transport equation, nonuniform plasma

ﬂow eﬀects modeled in terms of ∇U not only aﬀect the particle distribution by
varying p� and µ� as in the standard focused transport equation (see equation
(6.18)), but also by varying φ� as discussed above. Just as was done to distinguish
between diﬀerent nonuniform magnetic ﬁeld direction eﬀects, we can distinguish
between diﬀerent types of nonuniform plasma ﬂow aﬀecting the particle distribution
by specifying the Cauchy-Stokes theorem for a nonuniform, nonrelativistic plasma
ﬂow as follows:
∂Ui
1 ∂Uk
= σij + wij +
δij ,
∂xj
3 ∂xk
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(6.25)

where

�
�
1 ∂Ui ∂Uj
2 ∂Uk
+
−
δij ,
σij =
2 ∂xj
∂xi
3 ∂xk

(6.26)

represents the plasma ﬂow shear tensor (Earl et al., 1988) and
�
�
1 ∂Ui ∂Uj
,
−
wij =
2 ∂xj
∂xi

(6.27)

denotes the rotation tensor of the plasma ﬂow. After inserting the expression for
∂Ui /∂xj into the expression for Vp� (ignoring the term containing E� ), we ﬁnd that,
just as in standard focused transport theory (see equation(6.18)), that the
contribution of wij disappears (product of a symmetric second rank tensor ep� i ep� j ;
with an antisymmetric second rank tensor wij is zero). Accordingly,
�
�
1
dp�
1 dU
� �
= χ p − (∇ · U) − ep� i ep� j σij − �
· ep� ,
V p� =
dt
3
v dt

(6.28)

and we can see explicitly how the particle momentum rate of change following the
particle trajectory depends on the divergence (compression/expansion of plasma
ﬂow), the shear tensor and the acceleration of the nonuniform plasma ﬂow,
respectively. Exactly the same nonuniform plasma ﬂow eﬀects on the particle
momentum was shown to be present in the standard focused transport equation (le
Roux and Webb, 2012) as discussed in Chapter 2 in this thesis, but the main
diﬀerence is that gyrophase information details are retained in the generalized
focused transport equation, thus ensuring that the potentially important eﬀect of
the cross-shock acceleration dU/dt of the plasma at fast, nearly perpendicular
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shocks can be included. Similarly, the eﬀects of the cross-shock electric ﬁeld can be
retained at a nearly perpendicular shock by including E� in the generalized focused
transport equation. The ﬁrst term in Vp� in generalized focused transport theory,
just as in standard focused transport theory (see equation (6.18)), can be recognized
as the adiabatic energy change term due to the compression /expansion of the
plasma ﬂow associated with the isotropic part of the particle distribution in p� -space
present in the Parker transport equation.

6.6

Generalized Focused Transport Equation for a Radial Solar-Wind
Outﬂow and a Parker Spiral Magnetic Field
As above we have a magnetic ﬁeld coordinate system with unit vectors

(e1 , e2 , e3 = b) where the e3 -axis is aligned with the magnetic ﬁeld direction b, and
particle momentum components are expressed in momentum spherical coordinates
with unit vectors (ep� , eθ� , eφ� ) relative to the magnetic ﬁeld coordinate system so
that θ� is the particle pitch angle and φ� is the particle gyrophase. Now, the
magnetic ﬁeld coordinate system is expressed in terms of a new heliocentric spatial
spherical coordinate system with unit vectors (er , eθ , eφ ) where the magnetic ﬁeld
coordinate system is rotated relative to the spherical coordinate system in the plane
of the magnetic ﬁeld by an angle ψ indicating the angle between the spiral magnetic
ﬁeld and heliocentric radial direction. Accordingly the relationship between the
magnetic ﬁeld coordinate systems and the spherical coordinate system unit vectors
is expressed as
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e1 = sin ψer + cos ψeφ ,
(6.29)

e2 = −eθ ,
e3 = b = cos ψer − sin ψeφ ,

where b is the magnetic ﬁeld unit vector along the Parker spiral magnetic ﬁeld.
Assuming spherical geometry, the radial solar wind out ﬂow in spherical coordinates
is
U = U er .

(6.30)

The particle velocity in the heliocentric spherical coordinate system is

v� =(v � sin θ� cos φ� sin ψ + v � cos θ� cos ψ)er
+(−v � sin θ� sin φ� )eθ

(6.31)

+(v � sin θ� cos φ� cos ψ − v � cos θ� sin ψ)eφ ,
where, as before, θ� is particle pitch angle, and φ� is particle gyrophase relative to
the magnetic ﬁeld coordinate system.
The ﬁrst term of equation (6.11) transforms to
�
�
U v � (sin θ� cos φ� sin ψ + cos θ� cos ψ) ∂f
U · v� ∂f
= 1+
.
)
(1 +
c2
∂t
c2
∂t
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(6.32)

The second term of equation (6.11) transforms to

(U + v� ) ·

∂f
∂f
∂f
=U
+ (v � sin θ� cos φ� sin ψ + v � cos θ� cos ψ) ,
∂x
∂r
∂r

(6.33)

because ∂f /∂θ = ∂f /∂φ = 0 for a spherically-symmetric heliosphere.
The ﬁrst term of second line of equation (6.11) becomes

−ep� i ep� j

∂Ui � ∂f
∂U ∂f
p � = − (sin θ� cos φ� sin ψ + cos θ� cos ψ)2
∂xj ∂p
∂r ∂ ln p�
− [sin2 θ� sin2 φ� + (sin θ� cos φ� cos ψ − cos θ� sin ψ)2 ]

U ∂f
,
r ∂ ln p�
(6.34)

assuming

∂U
∂θ

=

∂U
∂φ

= 0.

The second term in the second line of equation (6.11) becomes
�

�
�
��
�
qEi� 1 dUi
1 qjE � m� dU
∂f
� ∂f
�
�
�
e p� i p � =
(sin θ cos φ sin ψ+cos θ cos ψ)
− �
− �
,
�
�
�
p
v dt
∂p
χ p
p dt
∂ ln p�
(6.35)

where j = ±1, assuming that the cross-shock electric ﬁeld points in the radial
direction perpendicular to a spherical heliospheric shock at a spherical SWTS
j = −1 and E� = j�er = −�er .
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The ﬁrst term in the third line of equation (6.11) is
� �
�
∂bi
∂f
Ui vi�
� ∂bi
+ (Uj + vj )
1 + 2 e p� i
c
∂t
∂xj ∂µ�
�
� �
1
∂φ(t) sin θ� cos φ� ∂ cos ψ
�
�
�
+
= � sin θ (cos φ sin θ − sin φ cos θ sin ψ)
χ
∂t
sin ψ
∂t
�
��
�
sin θ� cos φ�
∂ cos ψ
cos θ�
+ U
+ v � sin θ� cos φ� sin θ� cos φ� +
sin ψ
tan ψ
∂r
�
v�
(sin2 θ� cos ψ − sin θ� cos θ� cos φ� sin ψ)
+
r
��
sin θ� sin φ� sin ψ
∂f
�
�
�
(sin θ cos φ cos ψ − cos θ sin ψ)
.
−
�
tan θ
∂µ�
�

(6.36)

The second term in the third line of equation (6.11) becomes
∂f
∂Ui
(δij − ep� i ep� j ) �
− bj e p � k
∂xk
∂µ
�
∂U
(sin2 θ� cos θ� (cos2 φ� sin2 ψ − cos2 ψ) + sin θ� cos φ� sin ψ cos ψ(cos2 θ� − sin2 θ� ))
=
∂r

�
U
∂f
2 �
�
2 �
2
2
�
�
2 �
2 �
− (sin θ cos θ (cos φ sin ψ − cos ψ) + sin θ cos φ sin ψ cos ψ(cos θ − sin θ ))
.
r
∂µ�
(6.37)

The fourth line of equation (6.11) can be expressed as

bj

�

q � 1 dUi
E −
p� i v � dt

��

δij − ep� i ep� j

�

∂f
∂µ�

�
1 qjE � m� dU
∂f
(sin2 θ� cos ψ − sin θ� cos θ� cos φ� sin ψ) � .
= � � − �
χ p
p dt
∂µ
�
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(6.38)

The ﬁrst two terms in the ﬁfth line of equation (6.11) are
�
�
�
Uj vj� ∂φ�i
∂f
� ∂φ
+ (Ui + vi )
−Ω + 1+ 2
c
∂t
∂xi ∂φ�
�
�
∂φ
= − Ω� + − cos θ� cos ψ
∂t
�
���
cos ψ
∂f
v�
�
�
�
�
�
sin θ sin φ sin ψ +
(sin θ cos φ cos ψ − cos θ sin ψ)
.
−
�
r
tan θ
∂φ�
�

�

�

(6.39)

The forth term in the ﬁfth line of equation (6.11) can be expressed as
1
∂Ui ∂f
−�
eφ�i ep�j
�2
∂xj ∂φ�
1−µ
�
∂U
sin φ� sin ψ
(sin θ� cos φ� sin ψ + cos θ� cos ψ)
=
∂r
sin θ�

(6.40)

�
U
sin φ� sin ψ ∂f
�
�
�
− (sin θ cos φ sin ψ + cos θ cos ψ)
,
r
sin θ�
∂φ�

and ﬁnally the sixth line of equation (6.11) is
� �
q � 1 dUi
∂f
�
eφ�i
Ei − �
�
v dt
∂φ�
1 − µ�2 p
�
�
1 qjE � m� dU sin φ� sin ψ ∂f
=−
− �
.
χ� p�
p dt
sin θ� ∂φ�
�

1

�

(6.41)

Combining equations (6.32) - (6.41), we ﬁnd that the generalized focused
transport equation for a radial spherical solar wind outﬂow and a Parker spiral
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magnetic ﬁeld assuming a spherically symmetric heliosphere is given by
�

�
U v�
∂f
�
�
�
1 + 2 (sin θ cos φ sin ψ + cos θ cos ψ)
c
∂t

∂f
+[U + v � (sin θ� cos φ� sin ψ + cos θ� cos ψ)]
∂r
�
��
�
�
m dU
1 qjE
− �
(sin θ� cos φ� sin ψ + cos θ� cos ψ)
+
�
�
χ p
p dt

∂U
(sin θ� cos φ� sin ψ + cos θ� cos ψ)2
∂r
�
U
∂f
2 �
2 �
�
�
�
2
− (sin θ sin φ + (sin θ cos φ cos ψ − cos θ sin ψ) )
r
∂ ln p�
�
� �
1
∂φ(t) sin θ� cos φ� ∂ cos ψ
�
�
�
+
− � sin θ (cos φ sin θ − sin φ cos θ sin ψ)
χ
∂t
sin ψ
∂t
�
��
�
�
�
�
sin θ cos φ
∂ cos ψ
cos θ
+ U
+ v � sin θ� cos φ� sin θ� cos φ� +
sin ψ
tan ψ
∂r
�
�
sin θ� sin φ� sin ψ
v�
2 �
�
�
�
�
�
�
(sin θ cos φ cos ψ − cos θ sin ψ)
(sin θ cos ψ − sin θ cos θ cos φ sin ψ) −
+
r
tan θ�
�
�
1 qjE � m� dU
(sin2 θ� cos ψ − sin θ� cos θ� cos φ� sin ψ)
− �
+
χ� p�
p dt
−

∂U
(sin2 θ� cos θ� (cos2 φ� sin2 ψ − cos2 ψ) + sin θ� cos φ� sin ψ cos ψ(cos2 θ� − sin2 θ� ))
∂r
�
∂f
U
2 �
�
2 �
2
2
�
�
2 �
2 �
− (sin θ cos θ (cos φ sin ψ − cos ψ) + sin θ cos φ sin ψ cos ψ(cos θ − sin θ ))
r
∂µ�
�
�
�
��
∂φ v �
cos ψ
�
�
�
�
�
�
�
−
sin θ sin φ sin ψ +
+ − Ω + − cos θ cos ψ
(sin θ cos φ cos ψ − cos θ sin ψ)
∂t
r
tan θ�
�
�
1 qjE � m� dU sin φ� sin ψ
−
− �
χ� p�
p dt
sin θ�
+

∂U
sin φ� sin ψ
(sin θ� cos φ� sin ψ + cos θ� cos ψ)
∂r
sin θ�
�
U
sin φ� sin ψ ∂f
�
�
�
− (sin θ cos φ sin ψ + cos θ cos ψ)
,
r
sin θ�
∂φ�
+

(6.42)
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where χ�−1 = 1 +

U v�
(sin θ�
c2

cos φ� sin ψ + cos θ� cos ψ). For the special case of a

perpendicular planar shock, the generalized focused transport equation simpliﬁes to
�
∂f
1 ∂f
�
�2 cos φ� ]
+
[U
+
v
1
−
µ
χ� ∂t
∂z
�
�
� �
�
1 qjE �
1 dU
∂U �
�2
2 �
�
� ∂f
�2
µ (1 − µ ) cos φ −
µ 1 − µ cos φ
− �
+
∂z
χ� p�
v dt
∂µ�
(6.43)
�
�
�
�
∂f
∂U
1 qjE �
1 dU �
�2
2 �
�
(1 − µ ) cos φ +
+ −
− �
1 − µ�2 cos φ
∂z
χ� p �
v dt
∂ ln p�
�
�
�
� �
�
∂f
∂U
1 qjE �
1 dU
δf
sin φ�
�
�
�
�
+ −Ω +
− �
=
,
sin φ cos φ −
�
�
�
∂z
χ p
v dt
δt sc
1 − µ�2 ∂φ
where χ�−1 = 1 +

U v�
c2

�
1 − µ�2 cos φ� and z is distance perpendicular to the magnetic

ﬁeld. For comparison we show the standard focused transport equation simpliﬁed
for a perpendicular planar shock which is given by

�
�
� �
∂f
1
∂f
1
δf
∂f
�2
� ∂U ∂f
�2 ∂U
+U
+ (1 − µ )µ
+ − (1 − µ )
=
.
�
�
∂t
∂z 2
∂z ∂µ
2
∂z ∂ ln p
δt sc

(6.44)

In standard focused transport equation the cross-shock electric ﬁeld E � and the
cross-shock acceleration of the solar wind ﬂow dU/dt have no eﬀect of the particle
pitch angle or particle momentum at a planar perpendicular shock. Particle motion
also does not contribute to spatial advection of energetic particles, and no
gyrophase information can be found (gyrotropic gyrophase particle distribution). In
the generalized focused transport equation, which includes gyrophase information,
all these missing eﬀects are retained, and particle advection in gyrophase is an
additional term when applied to a perpendicular shock.
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6.7

Summary
In this Chapter, we introduced a derivation of a more general version of the

standard focused transport equation that avoids the limitation of nearly gyrotropic
particle distributions of the standard equation to retain particle gyrophase
information. In the more detailed equation (equation (6.17)) one can easily identify
the same familiar transport mechanisms as in standard focused transport theory,
but they are more detailed with the inclusion of gyrophase information. Whereas
the standard equation has been shown to be adequate for modeling the shock
preheating, injection and diﬀusive shock acceleration at quasi-parallel shocks (le
Roux and Webb, 2012), the more general transport equation is more suitable for
modeling particle acceleration at nearly perpendicular shocks. Because in the more
general equation (equation (6.17)) the cross-shock electric ﬁeld on particle shock
pre-heating and the eﬀects of the cross-shock acceleration of the plasma ﬂow and
injection is not severely underestimated as in the standard focused transport
equation (equation (6.18)), while the eﬀect of particle scattering across the magnetic
ﬁeld on the particle distribution can be incorporated. In addition, we showed that
the magnetic mirroring term in the generalized focused transport equation allow for
modeling a wider variety of nonuniform magnetic ﬁeld eﬀects on particle mirroring.
The slow gyrophase eﬀects can be signiﬁcantly enhanced at shocks so that they can
potentially aﬀect shock acceleration of energetic charged particles. The eﬀect of fast
particle gyrophase variation due to particle gyromotion on the distribution function
as well as slow gyrophase variations due to a nonuniform magnetic ﬁeld and a
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nonuniform plasma ﬂow are included. These eﬀects enable one to study the eﬀect of
the modiﬁcation of the particle orbit during particle drift.
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APPENDIX A

STANDARD GUIDING CENTER KINETIC EQUATION

The standard guiding center kinetic equation is given by (e.g., le Roux and
Webb, 2009)
∂f
∂f
∂f
∂f
+ Vg1 ·
+ ���
˙φ
= 0,
+ Ṁ
∂t
∂xg
∂M
∂�

(A.1)

where

Vg1 = v� b + VE ,
p⊥ v⊥
,
2B
M
Ṁ =
E� b · ∇g × b,
B
∂B
,
���
˙ φ = qE · Vg2 + M
∂t
M
Vg2 = v� b + VE + (∇g × b)�
q
M=

+

(A.2)

M B × ∇g B mb
db
× v� .
+
2
q
B
qB
dt

where f (xg , M, �, t) is the energetic particle guiding center distribution which
depends on the guiding center position xg , particle magnetic moment M , kinetic
energy � and time t (f is a gyrophase-averaged distribution for a nearly gyrotropic
distribution with respect to gyrophase), Vg1 is the simpliﬁed guiding center velocity
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that only features guiding center motion along the magnetic ﬁeld at a velocity v�
and electric ﬁeld drift VE . In addition, ���
˙ φ is the gyrophase-averaged kinetic
energy rate of change in the plasma (VE ) frame, Vg2 is the more complete guiding
center velocity that, in addition to the terms in Vg1 , includes grad-B and curvature
drift indicating that these drifts play a role in energy changes. Note that p⊥ has
been transformed from the ﬁxed to the plasma (VE ) frame. Since VE ⊥ b, p� is
unaﬀected by this transformation. Because the parallel electric ﬁeld component E�
is assumed to be small in guiding center kinetic theory, Ṁ � 0, and the magnetic
moment is approximately conserved. The main steps in deriving the focused
transport equation from (A.1) are that the electric ﬁeld in the solar wind is speciﬁed
to be E = E⊥ = −U × B, as is appropriate for the high conductivity solar wind
plasma, and that p is transformed to the solar wind ﬂow (U) frame. Therefore,
E� = 0 so that magnetic moment is exactly conserved in the focused transport
equation if Dµµ = 0 in equation (2.2). For more details, see le Roux and Webb
(2009).
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